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Wkh Hoxvlyh Hpslulfdo Vkdgrz ri Jurzwk Frqyhujhqfh
Shwhu F1E1 Skloolsv
Frzohv Irxqgdwlrq/ \doh Xqlyhuvlw|
Xqlyhuvlw| ri Dxfnodqg ) Xqlyhuvlw| ri \run

Grqjj|x Vxo
Ghsduwphqw ri Hfrqrplfv
Xqlyhuvlw| ri Dxfnodqg

Mdqxdu|/ 5336

Devwudfw
Wzr jurxsv ri dssolhg hfrqrphwulfldqv kdyh jxuhg surplqhqwo| lq hpslulfdo vwxglhv
ri jurzwk frqyhujhqfh1 Lq whupv ri d srsxodu fdulfdwxuh/ rqh jurxs eholhyhv lw kdv irxqg d
eodfn kdw ri frqyhujhqfh +hylghqfh iru jurzwk frqyhujhqfh, lq wkh gdun urrp ri hfrqrplf
jurzwk/ hyhq wkrxjk wkh kdw pd| qrw h{lvw +wkh wdvn pd| eh ixwloh,1 D vhfrqg jurxs
eholhyhv lw kdv irxqg d eodfn frdw ri glyhujhqfh +hylghqfh djdlqvw jurzwk frqyhujhqfh, hyhq
wkrxjk wklv remhfw dovr pd| qrw h{lvw +hpslulfdo uhdolw|/ lqfoxglqj wkh qdwxuh ri jurzwk
glyhujhqfh/ lv hyhu pruh frpsoh{ wkdq wkh prghov xvhg wr fkdudfwhul}h lw,1 Wkh suhvhqw
sdshu vhhnv wr oljkw d fdqgoh wr vhh zkhwkhu wkhuh lv d kdw/ d frdw ru dqrwkhu remhfw ri
lghqwldeoh forwklqj lq wkh urrp ri uhjlrqdo dqg pxowl0frxqwu| hfrqrplf jurzwk1 Diwhu rxu
h{dplqdwlrq/ zh qg wkdw wkh fdqgoh srzhu ri dssolhg hfrqrphwulfv lv wrr orz wr fohduo|
glvwlqjxlvk d eodfn kdw lq wkh kxjh gdun urrp ri hfrqrplf jurzwk1 Krzhyhu/ lq rxu wkhru|
prgho/ zh qg dq lpsruwdqw qhz uroh iru khwhurjhqhlw| ryhu wlph dqg dfurvv hfrqrplhv lq
wkh wudqvlwlrqdo g|qdplfv ri hfrqrplf jurzwk> dqg/ lq rxu hpslulfdo zrun/ wkhvh wudqvlwlrqdo
g|qdplfv uhyhdo dq hoxvlyh vkdgrz ri wkh frqglwlrqdo frqyhujhqfh kdw lq erwk XV uhjlrqdo
dqg lqwhu0frxqwu| RHFG jurzwk sdwwhuqv1
Nh|zrugv= Frqyhujhqfh Sdudphwhu/ Frqglwlrqdo Frqyhujhqfh/ Hfrqrplf Jurzwk/ Jurzwk
Frqyhujhqfh/ Khwhurjhqhlw|/ Qhrfodvvlfdo Hfrqrplfv/ Wudqvlwlrq phdvxuhv1
MHO Fodvvlfdwlrq Qxpehuv= 373> F65> F661
Iluvw Gudiw = Dxjxvw/ 5333

W Wkh dxwkruv wkdqn Vwhyhq Gxuodxi dqg Ihqj ]kx iru frpphqwv rq wkh ruljlqdo yhuvlrq ri wkh sdshu dqg

Skloolsv wkdqnv wkh QVI iru vxssruw xqghu Judqw Qr1 VHV 330<583<1
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Lqwurgxfwlrq

Iru wkh odvw wzr ghfdghv/ qxphurxv vwxglhv kdyh vhdufkhg iru hpslulfdo hylghqfh lq idyrxu ru
djdlqvw jurzwk frqyhujhqfh1 Wkh wdvn lv lpsruwdqw lq khoslqj wr vkdsh rxu xqghuvwdqglqj ri
wkh hfrqrplf jurzwk wudmhfwrulhv ri qdwlrqv dqg lq mxgjlqj zklfk/ li dq|/ wkhru| ri hfrqrplf
jurzwk wv wkh hylghqfh1 Furvv0vhfwlrqdo/ wlph vhulhv/ dqg sdqho vwxglhv kdyh doo ehhq xvhg
wr h{dplqh jurzwk frqyhujhqfh xvlqj vhyhudo frqfhswv ri frqyhujhqfh1 Krzhyhu/ zkhq wkhvh
frqfhswxdol}dwlrqv duh lqfrusrudwhg lq hfrqrphwulf vshflfdwlrqv/ wkh qxoo k|srwkhvhv wkdw duh
whvwhg gr qrw qhfhvvdulo| lpso| jurzwk frqyhujhqfh ru glyhujhqfh1 Wklv lv ehfdxvh khwhurjhqhlw|
lq wkh vshhg ri frqyhujhqfh fdq glvfrperexodwh wkh hylghqfh1 Iru lqvwdqfh/ wkh frqfhsw ri
cehwd0frqyhujhqfh* wkdw lv frpprqo| lpsohphqwhg lq furvv0vhfwlrqdo whvwv fdq eh mxvwlhg rqo|
zkhq wkhuh lv krprjhqhlw| lq wkh vshhg ri frqyhujhqfh ryhu wlph dfurvv lqglylgxdo xqlwv1
Pruhryhu/ frqyhqwlrqdo frlqwhjudwlrq whvwv dssolhg wr furvv frxqwu| lqfrph duh dovr ydolg rqo|
xqghu krprjhqhlw| ri wkh vshhg ri frqyhujhqfh1
Jurzwk frqyhujhqfh kdv ehhq xvhg wr hydoxdwh wkh ixqgdphqwdo txhvwlrq ri zkhwkhu srru
frxqwulhv fdq hyhqwxdoo| fdwfk xs wr ulfk frxqwulhv lq whupv ri wkhlu ryhudoo vwdqgdug ri olylqj
dqg zkhwkhu wkdw lv dfwxdoo| kdsshqlqj1 Hpslulfdo vwxglhv wr dgguhvv wklv txhvwlrq frpprqo|
vwduw zlwk wkh qrwlrq ri wudqvlwlrq wr wkh vwhdg| vwdwh1 D vlpsoh irupxodwlrq ri wkh wudqvlwlrq
g|qdplfv ri orj shu fdslwd uhdo lqfrph lq qhrfodvvlfdo jurzwk wkhru| zlwk oderu dxjphqwhg
whfkqrorjlfdo surjuhvv frqvlvwv ri wkh iroorzlqj wkuhh whupv
orj | +w, @ j +3, . e h3q  | . { w>

+4,

zkhuh l dqg w vwdqg iru wkh furvv0vhfwlrqdo xqlw dqg wlph/   uhsuhvhqwv wkh vshhg ri frqyhu0
jhqfh dqg lv d ixqfwlrq ri wkh jurzwk udwh ri whfkqrorjlfdo surjuhvv { = Wkh uvw whup/ j +3,>
lq +4, uhsuhvhqwv lqlwldo frqglwlrqv dqg vwhdg| vwdwh ohyhov/ zkloh wkh vhfrqg whup e vwdqgv iru
wkh glvwdqfh ehwzhhq wkh vwhdg| vwdwh dqg lqlwldo frqglwlrq +vhh htxdwlrq +5, ehorz,1 Jurzwk
frqyhujhqfh ehwzhhq hfrqrplhv l dqg m grhv qrw qhfhvvdulo| uhtxluh krprjhqhlw| ri   dqg {
dfurvv xqlwv/ exw dv|pswrwlf krprjhqhlw| ri { ryhu wlph lv uhtxluhg1 Wkdw lv/ li { fkdqjhv
ryhu wlph/ wkhq lwv olplw qhhgv wr eh lghqwlfdo dfurvv xqlwv dv w ehfrphv odujh1 H{lvwlqj hp0
slulfdo vwxglhv ri jurzwk frqyhujhqfh w|slfdoo| dvvxph krprjhqhlw| ri { ryhu wlph dqg dfurvv
frxqwulhv/ vr wkdw whfkqrorj| lv hhfwlyho| wuhdwhg dv d sxeolf lqwhuqdwlrqdo jrrg ehvwrzhg rq
doo hfrqrplhv1 Wklv dvvxpswlrq ri krprjhqhlw| lq whfkqrorj| jurzwk lv riwhq dffrpsdqlhg e|
wkh dvvxpswlrq ri krprjhqhlw| lq wkh vshhg ri frqyhujhqfh dovr/ vr wkdw wkh rqo| vrxufh ri
khwhurjhqhlw| dfurvv hfrqrplhv olhv lq wkh lqlwldo frqglwlrq j +3,= Hpslulfdo zrun rq jurzwk frq0
yhujhqfh zlwklq wkh iudphzrun ri wkhvh krprjhqhlw| uhvwulfwlrqv lqfoxgh erwk furvv vhfwlrqdo
vwxg| dqg wlph vhulhv2sdqho vwxglhv +iru h{dpsoh/ Eduur dqg Vdod0l0Pduwlq/ 4<<5/ Pdqnlz/
Urphu dqg Zhlo/ 4<<5/ Ehuqdug dqg Gxuodxi/ 4<<8/ 4<<9/ Hydqv dqg Nduudv/ 4<<9/ dqg Txdk/
4<<9,1
Furvv0vhfwlrqdo krprjhqhlw| lv riwhq dvvxphg iru hpslulfdo frqyhqlhqfh/ ehfdxvh li { glhuv
dfurvv hfrqrplhv gxulqj wkh wudqvlwlrqdo shulrg/ wkhq wkh jurzwk sdwkv ri wkh wudqvlwlrqdo
hfrqrplhv fdq glyhujh dqg whvwlqj frqyhujhqfh ehfrphv d yhu| gl!fxow wdvn1 Wkh dvvxpswlrq
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Iljxuh 4= Dyhudjh Uhdo shu Fdslwd Lqfrph ryhu wkh 63 |hdu shulrg 4<9304<;< zlwk Frxqwu|
Jurxslqjv edvhg rq Lqlwldo Lqfrph Rughulqjv15
ri krprjhqhlw| ri { dfurvv hfrqrplhv vhhpv pxfk pruh sodxvleoh qhdu wkh vwhdg| vwdwh1
Rqh hhfw ri wkh dvvxpswlrq ri krprjhqhlw| lq { rq hpslulfdo jurzwk lv wkh dsshdudqfh ri
frqglwlrqdo frqyhujhqfh1 Ilj1 4 vkrzv yh jurxslqjv ri furvv vhfwlrqdo dyhudjhv ri shu fdslwd
uhdo lqfrph iru 453 frxqwulhv +iurp wkh Shqq Zruog Wdeoh, ryhu 4<93 wr 4<;<1 Wkh jurxsv
+zklfk frqvlvw ri 58 frxqwulhv, duh vhohfwhg dffruglqj wr lqlwldo lqfrph ohyho dqg wkh dyhudjhv
duh vkrzq ryhu wkh yh vxffhvvlyh sdqhov lq wkh jxuh fryhulqj wkh vdph 63 |hdu shulrg1 Iru
lqvwdqfh/ wkh lqlwldo shulrg dyhudjh lqfrph iru wkh srruhvw frxqwu| jurxs lq 4<93 zdv durxqg
'836 dqg wkh odvw shulrg dyhudjh lqfrph lq 4<;< iru wkh vdph jurxs zdv ':;;1 Vr/ iru wklv
jurxs wkhuh zdv durxqg 41<( jurzwk rq dyhudjh ryhu wkh 63 |hdu shulrg1 Iru wkh ulfkhvw jurxs/
wkh fruuhvsrqglqj lqlwldo shulrg dqg wkh qdo shulrg jxuhv iru dyhudjh lqfrph zhuh '9/345
dqg '46/398/ jlylqj dq dqqxdo jurzwk ri 7( iru wklv jurxs1
Ilj1 5 vkrzv txdqwlohv ri wkh errwvwuds glvwulexwlrq +edvhg rq 8/333 uhsolfdwlrqv, ri uhdo
shu fdslwd lqfrph iru wkh vdph frxqwu| jurxslqjv +wkh jurxsv duh iruphg xvlqj lqlwldo lqfrph
rughulqj,1 Ilj1 6 vkrzv wkh furvv vhfwlrq dyhudjh wudmhfwrulhv djdlqvw wkh pd{lpxp dqg wkh
plqlpxp/ xvlqj dfwxdo +udwkhu wkdq errwvwudsshg, gdwd1 Wkhvh fxuyhv jlyh vrph lghd ri wkh
yduldelolw| lq wkh dfwxdo jurzwk wudmhfwrulhv ryhu wlph zlwklq wkhvh jurxslqjv1 Wkh rxwfrphv
lq Ilj1 6 lqglfdwh wkdw vrph phpehuv ri hdfk jurxs kdyh vxevwdqwldo survshfwv ri wudqvlwlrqlqj
lqwr kljkhu jurzwk jurxsv ryhu wkh 63 |hdu shulrg1 Wdeoh D lq wkh Dsshqgl{ jlyhv qxphulfdo
5

Hdfk sdqho lq Ilj1 4 +dqg vxevhtxhqwo| Iljv1 506, uhihuv wr wkh vdph 63 |hdu shulrg1 Iru h{dpsoh/ Sdqho F
wudfnv dyhudjh uhdo shu fdslwd lqfrph lq wkh plggoh lqfrph fdwhjru| ryhu wkh vdph 63 |hdu shulrg dv wkh rwkhu
sdqhov1 Gdwlqj rq wkh krul}rqwdo d{lv lv uhvhw dw wkh ehjlqqlqj ri hdfk sdqho1 Wkxv/ 93 lq Sdqho E uhihuv wr wkh
hqg ri wkh 4<9304<;< shulrg iru wkh srru lqfrph fdwhjru| zkloh 94 uhihuv wr wkh ehjlqqlqj ri wkh shulrg iru wkh
plggoh lqfrph fdwhjru| lq Sdqho F1
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Iljxuh 5= 518(/ 83( dqg <:18( Txdqwlohv ri Errwvwuds Glvwulexwlrq ri Uhdo shu Fdslwd Lqfrph
ryhu 4<9304<;<1
ghwdlov ri wkh glvwulexwlrqv glvsod|hg lq wkhvh wkuhh jxuhv1
Dvvxplqj krprjhqhlw| ri { dqg   uxohv rxw wkh srvvlelolw| ri wudqvlwlrqdo glyhujhqfh dqg
irfxvhv dwwhqwlrq rq frqyhujhqfh wr d frpprq vwhdg| vwdwh iurp glhuhqw lqlwldo frqglwlrqv1
Lq frqvhtxhqfh/ hpslulfdo vwxglhv frpprqo| wuhdw srru +ulfk, frxqwulhv dv srru +ulfk, ehfdxvh
ri d vwdwh ri orz +kljk, lqlwldo lqfrph/ ohdglqj wr wkh ylhz wkdw wkhuh lv hylghqfh ri jurzwk
frqyhujhqfh zkhq srru frxqwulhv jurz idvwhu1 Wklv ylhz jhqhudwhv wzr frqfoxvlrqv1 Iluvw/
wkrvh srru frxqwulhv wkdw kdyh jurzq vorzhu wkdq ulfk frxqwulhv ryhu wkh odvw 63 |hduv zloo
qhyhu fdwfk xs wr wkh ulfk frxqwulhv ehfdxvh krprjhqhrxv jurzwk udwhv ryhu wlph duh dvvxphg1
Vhfrqg/ frxqwulhv lq vlplodu lqfrph jurxslqjv riwhq vkrz hylghqfh ri frqyhujhqfh/ vxjjhvwlqj
wkdw frqyhujhqfh pd| eh frqglwlrqdo1
Dq dowhuqdwh shuvshfwlyh lv wkdw srru frxqwulhv duh srru sduwo| ehfdxvh ri wkhlu orz lqlwldo
ohyhov ri whfkqrorj|/ zkhuhdv ulfk frxqwulhv duh ulfk lq sduw ehfdxvh ri kljkhu lqlwldo ohyhov ri
whfkqrorj|1 Lq wkdw hyhqw dqg xvlqj vlpsoh qhrfodvvlfdo jurzwk wkhru|/ zkdw flufxpvwdqfhv
zrxog jlyh ulvh wr wkh kljk ghjuhh ri furvv0vhfwlrqdo glyhujhqfh wkdw zh revhuyh gxulqj wudqvl0
wlrqdo shulrgv zkloh xowlpdwho| shuplwwlqj jurzwk frqyhujhqfh lq wkh vwhdg| vwdwhB Iluvw/ zh
frqvlghu wkh fdvh zkhuh wkhuh lv krprjhqhlw| lq { ryhu wlph dfurvv xqlwv exw khwhurjhqhlw|
lq wkh vshhg ri frqyhujhqfh1 Lq wklv fdvh zh qg wkdw qhrfodvvlfdo hfrqrplhv fdq jhqhudwh d
kljk ghjuhh ri glyhujhqfh gxulqj wudqvlwlrqdo shulrgv exw rqo| xqghu udwkhu xquhdolvwlf ydoxhv
iru wkh vshhg ri frqyhujhqfh1 D srru frxqwu| +h1j1 rqh zlwk ';33 ri lqlwldo shu fdslwd lqfrph,
pd| kdyh d yhu| orz ydoxh ri > exw zlwkrxw doorzlqj iru khwhurjhqhlw| lq { ryhu wlph/ vxfk d
frxqwu| zloo qhhg pruh wkdq wzr wkrxvdqg |hduv wr dwwdlq <3( ri wkh lqfrph ri d ulfk frxqwu|
lq zklfk shu fdslwd lqfrph lv '73331
Rqo| zkhq zh doorz khwhurjhqhlw| lq { ryhu wlph dqg dfurvv xqlwv +zkloh dw wkh vdph wlph
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Iljxuh 6= Dyhudjh/ Plqlpxp dqg Pd{lpxp wudmhfwrulhv ri Dfwxdo Glvwulexwlrq ri Uhdo shu
Fdslwd Lqfrph ryhu 4<9304<;<
uhtxlulqj wkdw wkh { frqyhujh wr d frpprq frqvwdqw ryhu wlph wr hqvxuh frqyhujhqfh, gr zh
rewdlq pruh uhdolvwlf uhvxowv fryhulqj wudqvlwlrqdo shulrgv dqg wkh orqj whup1 Lq wklv fdvh d srru
frxqwu| pd| jurz idvwhu ehfdxvh lwv vshhg ri whfkqrorjlfdo ohduqlqj +ru whfkqrorjlfdo wudqvihu,
lv idvwhu wkdq wkh vshhg ri whfkqrorjlfdo fuhdwlrq lq d ulfk frxqwu|1 Zkhq wkh vshhg ri ohduqlqj
lv orzhu wkdq wkh vshhg ri fuhdwlrq/ wkh jurzwk udwh pd| eh orzhu wkdq wkdw ri d ulfk frxqwu|
dqg lw pd| eh pxfk orzhu zkhq wkh srru frxqwu|*v ohduqlqj vshhg lv yhu| vorz1 Lq vxfk fdvhv/
glyhujhqfh lq jurzwk sdwkv pd| rffxu lq wkh hduo| wudqvlwlrqdo shulrg1
Zh dvn zkhwkhu wkhuh lv hylghqfh lq wkh gdwd iru vxfk ehkdylru1 Xqiruwxqdwho|/ jurzwk
frqyhujhqfh whvwv edvhg rq wlph vhulhv ru sdqho frlqwhjudwlrq phwkrgv duh qrw uhdoo| dghtxdwh
hpslulfdo wrrov iru holflwlqj wklv lqirupdwlrq iurp wkh gdwd ehfdxvh wkhvh hfrqrphwulf phwkrgv
vhdufk iru orqj uxq sdwwhuqv lq wkh gdwd dqg wkhuhiruh suhvxph wkdw wkh gdwd lv douhdg| durxqg
wkh vwhdg| vwdwh1 Lq fdvhv zkhuh wkhuh duh vrph furvv vhfwlrqdo xqlwv zlwk orqj wudqvlwlrqdo
uhjlphv/ vxfk whvwv fdq eh h{shfwhg wr eldv uhvxowv lq idyru ri glyhujhqfh1 Sdqho whvwv wkdw wdnh
dffrxqw ri furvv vhfwlrqdo ghshqghqfh/ vxfk dv wkrvh ghyhorshg lq Skloolsv dqg Vxo +5335, dqg
Prrq dqg Shuurq +5335,/ duh nqrzq wr lpsuryh wkh vl}h dqg srzhu surshuwlhv ri sdqho xqlw
urrw whvwv lq jhqhudo dqg pd| plwljdwh wkh hhfwv ri eldv iurp wudqvlwlrqdo uhjlphv ehfdxvh
ri wkh dyhudjlqj hhfwv ryhu fruuhodwhg xqlwv lq glhuhqw vwdjhv ri wudqvlwlrq dqg frqyhujhqfh1
Wkhvh whvwv duh dssolhg wr ghwhuplqh zkhwkhu wkhuh lv jurzwk frqyhujhqfh lq wkh 7; frqwljxrxv
X1V1 Vwdwhv iurp 4<5< wr 4<<;1 Wkh| surylgh hylghqfh rqo| lq vxssruw ri fhuwdlq uhjlrqdo +ru
frqglwlrqdo, jurzwk frqyhujhqfh dprqj wkh X1V1 Vwdwhv1
Qh{w/ zh wdnh d glhuhqw dssurdfk wr whvwlqj jurzwk frqyhujhqfh1 Vlqfh zh doorz wkh vshhg
ri frqyhujhqfh dv zhoo dv wkh jurzwk ri whfkqrorjlfdo surjuhvv wr eh khwhurjhqrxv ryhu wlph
dqg dfurvv xqlwv/ zh xvh owhulqj whfkqltxhv wr h{wudfw hvwlpdwhv ri d cwudqvlwlrq sdudphwhu*
8

ryhu wlph dqg h{dplqh wkh hylghqfh iru jurzwk frqyhujhqfh e| whvwlqj zkhwkhu wklv wudqvl0
wlrq sdudphwhu glyhujhv ru frqyhujhv1 Lq wkh fdvh zkhuh wkh wudqvlwlrq sdudphwhu frqyhujhv
prqrwrqlfdoo|/ hfrqrplf jurzwk iroorzv wkh qrz idprxv uxoh wkdw clqlwldoo| srruhu frxqwulhv
jurz idvwhu* +frqyhujhqfh, dqg cfurvv0vhfwlrqdo lqfrph glvwulexwlrq vkrxog ghfuhdvh ryhu
wlph* +frqyhujhqfh,1 Zlwk gdwd iru wkh 7; frqwljxrxv X1V1 Vwdwhv iurp 4<5< wr 4<<; dv zhoo
dv gdwd iru 54 RHFG frxqwulhv iurp 4<83 wr 4<<5/ zh qg hylghqfh iru jurzwk frqyhujhqfh rq
wklv fulwhulrq1
Wkh wudqvlwlrq sdudphwhu dssurdfk lv dovr dssolhg wr wkh Shqq Zruog Wdeoh +SZW, sdqho
iurp 4<93 wr 4<;< dfurvv 453 frxqwulhv1 Zkhq hfrqrplhv kdyh glhuhqw vshhgv ri frqyhujhqfh/
glhuhqw jurzwk udwhv iru whfkqrorjlfdo surjuhvv/ dqg khwhurjhqhrxv lqlwldo lqfrph/ qhlwkhu
frqyhujhqfh qru frqyhujhqfh lv srvvleoh1 Lqvwhdg/ zh uho| rq wkh iroorzlqj ghvfulswlyh
fkdudfwhulvwlfv1 Iluvw/ dprqj vlplodu lqlwldo shulrg lqfrph frxqwulhv/ wkh wudqvlwlrq sdudph0
whu vkrxog glyhujh zkhq wkhuh lv khwhurjhqhlw| lq   dqg { 1 Vhfrqg/ dprqj vlplodu qdo
shulrg lqfrph frxqwulhv/ wkh wudqvlwlrq sdudphwhu vkrxog frqyhujh1 Wkh hylghqfh iru frqyhu0
jhqfh iurp wklv dssurdfk fdqqrw eh fohduo| glvwlqjxlvkhg iurp zkdw lv vrphwlphv fdoohg frqgl0
wlrqdo 0frqyhujhqfh1 Wklv lv ehfdxvh frqglwlrqdo frqyhujhqfh fdq dovr jhqhudwh glyhujhqfh
lq wkh hduo| vwdjhv dprqj frxqwulhv lq glhuhqw frqyhujhqfh jurxsv1 Pruhryhu/ frqglwlrqdo
frqyhujhqfh jhqhudwhv frqyhujhqfh zlwklq frxqwulhv lq d frqyhujhqfh jurxs1 Wkxv/ li frqgl0
wlrqdo 0frqyhujhqfh krogv iru hdfk jurxs lq Ilj1 4/ rqh lpsolfdwlrq lv wkdw d srru jurxs zloo
ehfrph uhodwlyho| srruhu lq frpsdulvrq wr ulfk jurxsv ryhu wlph1 Vrph ri wkhvh frpsdudwlyh
lvvxhv duh frqiurqwhg dw wkh hqg ri wkh sdshu/ dowkrxjk zh gr qrw fodlp wr kdyh ixoo| uhvroyhg
wkhp1
Wkh sodq ri wkh sdshu lv dv iroorzv1 Vhfwlrq 5 vwxglhv vrph ri wkh frq lfwv ehwzhhq wkh0
ru| dqg hylghqfh rq jurzwk frqyhujhqfh/ jlylqj dq lpsruwdqw qhz uroh wr khwhurjhqhlw| lq
wkh jurzwk frqyhujhqfh surfhvv1 Vhfwlrq 6 frqvlghuv wkh eulgjh ehwzhhq wkhru| dqg hpslulfdo
prghov vhwwlqj xs vrph hfrqrphwulf vshflfdwlrqv wkdw duh xvhixo iru frqvlghulqj frqyhujhqfh/
glyhujhqfh dqg wkh phdvxuhphqw ri frqyhujhqfh1 Vhfwlrq 7 glvfxvvhv sdqho xqlw urrw dqg frlq0
whjudwlrq dqdo|vhv ri frqyhujhqfh dqg surylghv vrph qhz hpslulfdo hylghqfh wkdw wdnhv dffrxqw
ri furvv vhfwlrq ghshqghqfh1 Vhfwlrq 8 h{dplqhv whfkqltxhv iru hvwlpdwlqj wkh wudqvlwlrq sdud0
phwhu dqg jlyhv vrph dvvrfldwhg whvwv1 Vhfwlrq 9 frqfoxghv dqg d vkruw dsshqgl{ iroorzv1 Wr
pdnh wkh sdshu pruh dffhvvleoh wr d jhqhudo dxglhqfh/ zh pdnh h{whqvlyh xvh ri judskv lq wkh
wh{w dqg glvfxvvlrq1
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Wkhru|/ Hylghqfh dqg wkh Uroh ri Khwhurjhqhlw| lq Frqyhu0
jhqfh

Zh vwduw iurp wkh qhrfodvvlfdo wkhru| ri jurzwk frqyhujhqfh dqg dwwhpsw wr exlog vrph frqqhf0
wlrqv ehwzhhq wkh wkhruhwlfdo irupxodwlrqv dqg revhuyhg hpslulfdo uhjxodulwlhv1 Lq wklv uhvshfw/
rxu glvfxvvlrq gudzv rq wkh zlgh udqjlqj ryhuylhz ri wkh vxemhfw e| Gxuodxi dqg Txdk +4<<<,/
zkr grfxphqw vrph ri wkh hpslulfdo fkdudfwhulvwlfv ri furvv frxqwu| jurzwk Iru lqvwdqfh/ ulfk

9

frxqwulhv jurz vorzhu wkdq vrph ri wkh qhzo| ghyhorshg frxqwulhv/ vxfk dv wkh Dvldq Gudj0
rqv dqg vrph rwkhu udslgo| jurzlqj ghyhorslqj frxqwulhv olnh Fklqd1 Wkh uhpdlqlqj frxqwulhv
dsshdu wr jurz dw vlplodu udwhv ru vorzhu udwhv wkdq wkh ulfk frxqwulhv1
Zulwh wkh surgxfwlrq ixqfwlrq lq wkh qhrfodvvlfdo wkhru| ri jurzwk zlwk oderu dxjphqwhg
whfkqrorjlfdo surjuhvv dv \ @ I +N> OKD, dqg ghqh
 | @ \ @OKD> n @ N@OKD> | @ |KD @ |D
| @ i+n,>
zkhuh \ lv wrwdo rxwsxw/ O lv wkh txdqwlw| ri oderu lqsxw/ K lv wkh vwrfn ri kxpdq fdslwdo +khuh
qrupdol}hg wr xqlw|,/ D lv wkh vwdwh ri whfkqrorj|/ N lv sk|vlfdo fdslwdo/ dqg | lv rxwsxw shu
hhfwlyh oderu xqlw1 Xvlqj d Free0Grxjodv whfkqrorj|/ wkh frqyhqwlrqdo wudqvlwlrqdo jurzwk
sdwk iru frxqwu| l lv jlyhq e|
orj | +w, @ orj |W . ^orj | +3,  orj |W ` h3q  | . orj D +3, . { w

+5,

zkhuh | lv shu fdslwdo uhdo lqfrph/ |W lv wkh fruuhvsrqglqj vwhdg| vwdwh ohyho/
  @ i+ >   > y > { >  ,>

3 n n n n

+6,

 lv wkh whfkqrorj| sdudphwhu lq wkh Free0Grxjodv ixqfwlrq/   lv wkh udwh ri ghsuhfldwlrq/
y lv wkh srsxodwlrq jurzwk udwh/ dqg { lv wkh jurzwk udwh ri whfkqlfdo surjuhvv iru frxqwu|
l1 Dssursuldwh vljq hhfwv duh lqglfdwhg ehqhdwk wkhvh sdudphwhuv lq +6,1 Lw lv dvvxphg wkdw
whfkqrorjlfdo surjuhvv iru frxqwu| l iroorzv
D +w, @ D +3,h% | =

+7,

Zh iroorz wkh ghqlwlrq ri jurzwk frqyhujhqfh sursrvhg e| Ehuqdug dqg Gxuodxi +4<<8/
<9, jlyhq e|6
olp +orj | +w . n,  orj | +w . n,, @ 3
+8,
&

<"

Wkdw lv/ jurzwk frqyhujhqfh uhtxluhv wkdw orj shu fdslwdo uhdo lqfrph lq frxqwu| l vkrxog eh
wkh vdph dv wkdw lq frxqw| m lq wkh orqj uxq1 Zh frqvlghu wkh iroorzlqj wkuhh fdvhv wkdw dulvh
zlwklq rxu iudphzrun +5,1
Fdvh 4= { 9@ { li l 9@ m= Zkhq wklv frqglwlrq lv vxvwdlqhg ryhu wlph/ jurzwk frqyhujhqfh
vlpso| fdqqrw krog1 Iru/ hyhq zkhq wkh rwkhu sdudphwhuv lq +5, duh krprjhqrxv dfurvv l/ dv
orqj dv { 9@ { lv vxvwdlqhg/ wkh wzr hfrqrplhv zloo glyhujh1 Khqfh/ wkh rqo| srvvlelolw| iru
jurzwk frqyhujhqfh lq wklv fdvh lv frqyhujhqfh ri { @ { +w, ryhu wlph/ yl}1
olp { +w, $ {=

<"

|

+9,

Lq rwkhu zrugv/ li { lv wlph ghshqghqw7 / wkhq lw qhhgv wr frqyhujh wr d frpprq ydoxh dv
w $ 4 iru frqyhujhqfh wr dsso|1 Wkhuh duh/ lq idfw/ vhyhudo zd|v wr vshfli| vwrfkdvwlf ru
6

Zh ljqruh wkh frqglwlrqdo h{shfwdwlrq rshudwru lq htxdwlrq +8, vlqfh dw ohdvw iru wkh wlph ehlqj doo yduldeohv
duh dvvxphg wr eh qrq0vwrfkdvwlf1
7
Ri frxuvh/ zkhq % lv ghshqghqw rq wlph w/ wkh wudqvlwlrqdo whfkqrorj| +7, lv pruh frpsoh{ wkdq vlpsoh
h{srqhqwldo jurzwk1

:

ghwhuplqlvwlf jurzwk lq whfkqrorjlfdo surjuhvv lq sodfh ri +7,1 Krzhyhu/ dv Gxuodxi dqg Txdk
+4<<<, srlqw rxw/ vxfk dgmxvwphqwv duh dg krf dqg gr qrw uhfrqfloh gluhfwo| zlwk qhrfodvvlfdo
wkhru|1 Iru wkh wlph ehlqj/ zh uxoh rxw wklv fdvh dqg dvvxph wkdw { @ { ryhu wlph> irfxvlqj
rq wkh lqlwldol}dwlrqv ri orj | +3, dqg orj D +3,> dqg wkh whup h3q  | 1 Wkh fdvh ri wlph ydu|lqj
pryhphqw ri { zloo eh frqvlghuhg lq d odwhu vhfwlrq1
Fdvh 5= { @ {> D +3, 9@ D +3,= Wklv fdvh surylghv d nh| hohphqw lq wkh glvfxvvlrq ri
Gxuodxi dqg Txdk +4<<<,1 Vlqfh wkh lqlwldo frqglwlrqv ri whfkqrorj| duh qrw qhfhvvdulo| wkh
vdph dfurvv l/ zh kdyh
|W
D +3,
olp ^orj | +w,  orj | +w,` @ orj W . orj
=
|<"
|
D +3,

+:,

Wkhq/ li D +3, lv udqgrpo| glvwulexwhg/ sdluv ri hfrqrplhv gr qrw frqyhujh dffruglqj wr +8,1
Lq wklv hyhqw/ qhrfodvvlfdo jurzwk wkhru| grhv qrw surylgh dq| phdqlqjixo lqirupdwlrq derxw
frqyhujhqfh1 Khqfh/ iru wkh wlph ehlqj dw ohdvw/ zh dovr uxoh rxw wklv fdvh1 Zh qrwh/ krzhyhu/
wkdw zkhq   dqg { duh erwk wlph ghshqghqw> wklv sureohp fdq eh uhvroyhg dqg zh dgguhvv
wklv lvvxh ehorz1 Iru qrz/ zh vlpso| dvvxph D +3, @ D+3, iru doo l=
Fdvh 6= { @ {> D +3, @ D+3,>   9@   = Qrwh wkdw wkh vwhdg| vwdwh ohyho |W fdq eh zulwwhq
dv d ixqfwlrq ri rwkhu sdudphwhuv/ yl}1/ |W @ j++  . y . {,3 v , zkhuh v lv wkh vdylqj udwh/
dqg j+, lv d frqwlqxrxv ixqfwlrq1 Li  > y dqg v duh lghqwlfdo dfurvv l ru li +  . y . {,3 v lv
wkh vdph dfurvv l> wkhq lw lpsolhv wkdw wkh vwhdg| vwdwh ydoxh ri | +w, lv lghqwlfdo ryhu l/ dqg wkh
khwhurjhqhlw| ri   frphv iurp glhuhqw sdudphwhuv  = Wkh dqdo|vlv lq wkh iroorzlqj vxevhfwlrq
grhv qrw ghshqg rq wkh khwhurjhqhlw| ri |W / vr zh vlpso| dvvxph |W @ |W = Khqfh/ wkhuh duh
rqo| wzr khwhurjhqrxv sdudphwhuv lq wklv fdvh  lqlwldo lqfrph dqg wkh vshhg ri frqyhujhqfh1
Zh h{dplqh wklv fdvh lq ghwdlo wr vhh krz furvv0vhfwlrqdo khwhurjhqhlw| pd| eh olqnhg wr
fhuwdlq hpslulfdo uhjxodulwlhv1
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Furvv0Vhfwlrqdo Khwhurjhqhlw| ri Lqlwldo Lqfrph dqg Vshhg ri Frqyhu0
jhqfh

Diwhu lpsrvlqj krprjhqhlw| uhvwulfwlrqv rq { > |W > dqg D +3,/ wkh wudqvlwlrq g|qdplfv ri uhdo
shu fdslwd lqfrph kdyh wkh irup
orj | +w, @ orj |W . ^orj | +3,  orj |W ` h3q  | . orj D+3, . {w

+;,

Dffruglqjo|/ wkh shu fdslwd uhdo lqfrph glhuhqwldo ehwzhhq wzr hfrqrplhv l dqg m lv jlyhq e|
orj | +w,  orj | +w, @ ^orj | +3,  orj |W ` h3q  |  ^orj | +3,  orj |W ` h3q  |
Li   A 3 iru doo l> olp|<" h3q  | @ 3= Khqfh/ dv orqj dv   A 3> jurzwk frqyhujhqfh krogv
uhjdugohvv ri wkh ydoxh ri orj | +3,1
Eduur dqg Vdod0l0Pduwlq +4<<5, lpsrvh d krprjhqhlw| uhvwulfwlrq rq = Li   @ > wkhq
orj

| +w,
| +w,
 orj
@ +4  hq ,h3q| ^orj | +3,  orj | +3,` >
| +w  4,
| +w  4,
;

vr wkdw
orj

| +w,
| +w,
? orj
+, orj | +3, A orj | +3,>
| +w  4,
| +w  4,

+<,

jlylqj wkh vr fdoohg frqyhujhqfh frqglwlrq1
Krzhyhu/ hyhq zkhq   9@   > wkh frqyhujhqfh frqglwlrq fdq eh rewdlqhg dv orqj dv8
     +, orj | +3, A orj | +3,

+43,

Htxdwlrq +43, lv/ lq idfw/ d pruh jhqhudo frqglwlrq wkdq +<,1 Vlqfh wkh jurzwk udwh ri whfk0
qrorj| lv dvvxphg wr eh lghqwlfdo dfurvv hfrqrplhv/ khwhurjhqhlw| lq wkh frqyhujhqfh vshhg lv
dwwulexwhg wr wkh sdudphwhu  = Rqh hfrqrplf lqwhusuhwdwlrq ri  frphv iurp lqwhuqdwlrqdo
wudgh wkhru|1 Li  A  > frxqwu| l kdv d uhodwlyho| fdslwdo lqwhqvlyh surgxfwlrq whfkqrorj|1
Iurp htxdwlrq +6,/ wkh vshhg ri frqyhujhqfh lv idvwhu wkh orzhu lv 1 Lq rwkhu zrugv/ d frxq0
wu| fkdudfwhul}hg e| oderu lqwhqvlyh surgxfwlrq jurzv idvwhu wkdq rwkhu frxqwulhv zlwk pruh
fdslwdo lqwhqvlyh surgxfwlrq zkhq wkh whfkqrorjlfdo jurzwk udwh lv wkh vdph dfurvv hfrqrplhv1
Vr/ frqglwlrq +43, lpsolhv wkdw lqlwldoo| srru frxqwulhv fdq jurz idvwhu li wkh| surgxfh d pruh
oderu lqwhqvlyh surgxfw wkdq ulfkhu frxqwulhv1 Krzhyhu/ lq vslwh ri wkh dgglwlrqdo h{lelolw|
lq +43, dqg lwv xqghuo|lqj hfrqrplf lqwhusuhwdwlrq/ qhlwkhu +43, qru +<, h{sodlqv wkh revhuyhg
furvv0frxqwu| lqfrph glhuhqfhv wkdw duh suhvhqwhg lq wkh SZW1
Qh{w/ frqvlghu wkh fdvh zkhq      exw orj | +3, A orj | +3,= Wkh jurzwk udwh glhuhqwldo
ehwzhhq wkh wzr frxqwulhv/ j lv jlyhq e|
j @ orj

| +w,
| +w,
 orj
| +w  4,
| +w  4,

@ +4  hq  ,h3q  | ^orj | +3,  orj |W `  +4  hq  ,h3q  | ^orj | +3,  orj |W ` =
Wkh vljq ri wkh jurzwk udwh glhuhqfh ghshqgv rq wlph lq wkh iroorzlqj pdqqhu


orj | +3,  orj |W hq   4 3Eq  3q  |
vljq+j, U 3 / vljq
h
U 4=
orj | +3,  orj |W hq   4

+44,

Wkh uvw idfwru lq wkh vtxduh eudfnhw ri +44, lv ohvv wkdq rqh li orj |W A orj | +3, A orj | +3,= Li
  ?   > wkhq wkh vhfrqg idfwru lv dovr ohvv wkdq rqh1 Ilqdoo|/ li   A   wkhq wkh wklug idfwru
lq +44, lv ohvv wkdq xqlw|1 Frpelqlqj wkhvh idfwruv/ zh kdyh wkh iroorzlqj srwhqwldo jurzwk
vfhqdulr1 Dw wkh ehjlqqlqj ri wkh shulrg +ru zkhq w lv vpdoo,/ wkh jurzwk udwh ri dq lqlwldoo|
srru frxqwu| pd| eh orzhu wkdq wkh jurzwk udwh ri dq lqlwldoo| ulfk frxqwu| dqg glyhujhqfh fdq
rffxu gxulqj wkh hduo| shulrg ri wudqvlwlrq/ zkloh xowlpdwh frqyhujhqfh fdq krog lq wkh orqj
uxq1 Iljxuh 7 vkrzv d vw|ol}hg looxvwudwlrq ri krz vxfk dq cDvldq Pludfoh* fdq kdsshq lq wkh
qhrfodvvlfdo zruog zlwk khwhurjhqhrxv   v1 Hfrqrp| 6 lv d ulfk hfrqrp| zlwk kljkhu lqlwldo
lqfrph zkloh hfrqrplhv 4 dqg 5 duh lqlwldoo| srru frxqwulhv1 Hfrqrp| 5 kdv d kljkhu  wkdq
hfrqrp| 6 zkloh hfrqrp| 4 kdv wkh orzhvw = Wkhq/ ehwzhhq hfrqrplhv 5 dqg 6/ 0frqyhujhqfh
Vxssrvh wkdw dw wlph A
" zh kdyh *L} + EA  ' *L} + EA  Wkhq d*L} + Ef 3 *L} +W o e3q l A
W
3
qm A
c dqg khqfh/ q  $ q  
d*L} + Ef 3 *L} + o e
8

<

'

3
y

2
1

t

Iljxuh 7= Wudqvlwlrqdo Glyhujhqfh dqg Xowlpdwh Frqyhujhqfh
krogv vlqfh  2 A  exw orj |2 +3, ? orj | +3,= Hfrqrp| 4 kdv d vlplodu lqlwldo hqgrzphqw dv
hfrqrp| 5/ exw wklv frxqwu|*v jurzwk glyhujhv lqlwldoo| iurp erwk hfrqrp| 5 dqg 61 Wklv
glyhujhqfh dulvhv ehfdxvh   ?  ?  2 =
Wkh qh{w txhvwlrq lv krz pdq| |hduv grhv lw wdnh iru frqyhujhqfh wr rffxu ehwzhhq
hfrqrplhv 4 dqg 61 Iru h{dpsoh/ ohw  @ 3=36> zkloh   @ 3=338=9 Lqlwldo lqfrph iru hfrqrp|
6 lv dvvxphg wr eh orj | +3, @ ;=6 +'hH  '7> 333,> zkloh wkdw iru hfrqrp| 4 lv orj | +3, @ 9=<
+'hSb  ';33,= Uhfdoo wkdw orj | +3, @ orj | +3, . orj D+3,= Vlqfh orj | +3, A 3> zh wdnh
orj D+3, 5 +3=4> 9=;,= Ohw f @ orj |W orj | +3,= Zh doorz f ydoxhv lq wkh udqjh f 5 +4> 43,/ zklfk
lpsolhv d glhuhqfh ehwzhhq | +3, dqg |W ri '6 dqg '55/333 iru f @ 4 dqg 43> uhvshfwlyho|1
Ilqdoo| zh frpsxwh wkh wlph ydoxh wW iru zklfk shu fdslwd uhdo lqfrph ri wkh srru frxqwu|
uhdfkhv +n  433,( ri wkh shu fdslwd uhdo lqfrph ri wkh ulfk frxqwu|1 Wkhq/
orj
dqg

k
W
orj |W h3q  |  h3q

W

|

l

| +wW ,
4
@ orj >
W
| +w ,
n

. orj | +3,h3q

9

W

|

 orj | +3,h3q  | @  orj n=
W

Lw lv zruwk qrwlqj wkdw d qxpehu ri hpslulfdo vwxglhv rq jurzwk frqyhujhqfh kdyh fhqwhuhg rq wkh hvwlpdwlrq
ri q dqg wkh udqjh ri uhvxowlqj hvwlpdwhv ydulhv iurp srvlwlyh wr qhjdwlyh ghshqglqj rq wkh fkrlfh ri wkh furvv
vhfwlrq xqlwv lq wkh sdqho +sduwlfxoduo|/ zkhwkhu ghyhorslqj frxqwulhv duh lqfoxghg ru qrw> vhh Pdqnlz/ Urphu
dqg Zhlo/ 4<<5,1 Hpslulfdo vwxglhv iru lqgxvwuldol}hg frxqwu| sdqhov vxjjhvw d udqjh ri q ydoxhv ehwzhhq 3134
dqg 31371 Udssdsruw +5333, uhsruwv wkdw wkh ydoxhv ri q lq srru frxqwu| sdqhov duh ehwzhhq 031337 dqg 3133<
zkloh wkdw lq ulfk frxqwu| sdqho olhv ehwzhhq 3137 dqg 313781

43

Zh irxqg wW 5 +783> <43, iru n @ 3=<> dqg wW 5 +43:> 867, iru n @ 3=81 Lq wkh zruvw fdvh
vfhqdulr/ lw wdnhv pruh wkdq <33 |hduv iru d srru frxqwu| wr fdwfk xs zlwk d ulfk frxqwu|1
Zh frqvlghu dqrwkhu h{shulphqw zlwk glhuhqw ydoxhv ri  = Zkhq  @ 3=34> wW 5 +5<9> 85:,
iru n @ 3=<> dqg wW 5 +88> 599, iru n @ 3=8= Zkhq  @ 3=334> wW 5 +5<:3> 837<, iru n @ 3=<>
wW 5 +699> 599<, iru n @ 3=8= Zkhq wkh lqlwldo lqfrph glhuhqwldo lv lqfuhdvhg/ wkh wlph shulrg
wW jhwv odujhu vwloo1
Vxfk orz ydoxhv ri  iru ghyhorslqj frxqwulhv dqg vxfk orqj frqyhujhqfh wlphv duh erwk
txhvwlrqdeoh1 Wkh qh{w vhfwlrq surylghv d srvvleoh vroxwlrq wr wkhvh hpslulfdo lvvxhv1
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Wlph Vhulhv Khwhurjhqhlw| ri Vshhg ri Frqyhujhqfh

Eduur dqg Vdod0l0Pduwlq +4<<5, dvvxph wkdw { @ { +w, frqyhujhv wr d frpprq vwhdg| vwdwh
ydoxh {> dgglqj d frqglwlrq wr wkh irupxodwlrq +7,1 Dffruglqjo|/ zh uhzulwh wkh wudqvlwlrqdo
g|qdplfv ri orj | +w, dv
orj | +w, @ orj |W . ^orj | +3,  orj |W ` h3q  E|| . orj D +w,>

+45,

zkhuh
orj D +w, @ orj D+3, . { +w,w>
dqg zkhuh   @   +w, dv d ixqfwlrq ri wlph ehfdxvh lw ghshqgv rq { @ { +w,1 Wkh dvvxpswlrq
ri d frpprq vwhdg| vwdwh ydoxh lpsolhv wkdw
olp   +w, @   >

|

dqg

+
olp D +w, @

<"

|

<"

D ? 4 li olp|<" { +w,w @ frqvw
=
4
li olp|<" { +w, @ {

Zh dvvxph wkh rwkhu sdudphwhuv duh krprjhqrxv dfurvv l h{fhsw iru  dqg { > vr wkdw
olp |W @ |W =

|

<"

Krzhyhu
olp orj | +w, @ 4> li olp { +w, @ { A 3=

|

<"

|

<"

Khqfh/ gxulqj wudqvlwlrq/ uhodwlyh jurzwk udwhv ghshqg rq { +w, erwk gluhfwo| dqg lqgluhfwo|/
yl}1/


| +w,
orj
@ ^orj | +3,  orj |W ` h3q  E||  h3q  E|3| hq  E|3 . ^{ +w,  { +w  4,` =
| +w  4,
Vxssrvh zh kdyh d sdqho gdwd vhw fryhulqj wlph t wr wlph W / dqg ohw wkh uvw revhuydwlrq eh
wkh lqlwldo frqglwlrq1 Li wkhuh lv qr wlph vhulhv khwhurjhqhlw| lq  dqg {/ wklv lqlwldo frqglwlrq
grhv qrw pdwwhu lq wkh dqdo|vlv1 Lq frqwudvw/ xqghu wlph vhulhv khwhurjhqhlw| ri  dqg {> lw
grhv pdwwhu1 Wr vhh wklv/ zulwh
orj | +t, @ orj | +t, . orj D +t,=
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Xqghu wlph vhulhv krprjhqhlw| ri { >   lv wlph lqyduldqw dqg
orj | +t . w, @ orj |W . ^orj | +3,  orj |W ` h3q  E^n|
@ orj |W . ^orj | +t,  orj |W ` h3q  |

+46,

Krzhyhu/ zkhq   fkdqjhv ryhu wlph/ wklv uhodwlrq qr orqjhu krogv1 Ohw   eh wkh ydoxh ri  
dw wlph t . w>  f eh wkh ydoxh dw wlph t> dqg ghqh wkh glhuhqwldo dv
  @  f .  =

+47,

Xqghu wlph lqyduldqfh ri wkh rwkhu sdudphwhuv lq +6,/ wkh fkdqjh lq   ryhu wlph lv gxh wr wkh
fkdqjh lq whfkqrorjlfdo surjuhvv1 Zh fdq wkhq zulwh +6, dv   +w, @ j +{ +w,, dqg/ li j lv dqdo|wlf/
  +w . t, kdv d srzhu vhulhv uhsuhvhqwdwlrq derxw   +w,/ dqg zh fdq zulwh wkh glhuhqwldo +47,
lq wkh irup
 @ * +{ +w . t,  { +t,, @ * +% , > vd|/
zkhuh % @ { +t . w,  { +t,=
Lq sodfh ri +46,/ wkh wudqvlwlrq qrz kdv wkh irup
orj | +t, @ orj |W . ^orj | +3,  orj |W ` h3q  ^ >
f

orj | +t . w, @ orj |W . ^orj | +3,  orj |W ` h3q  ^ h3q  |




@ orj |W . ^orj | +t,  orj |W ` hq  ^ h3q  ^ h3q  |
f





@ orj |W . ^orj | +t,  orj |W ` h3q  | >
n

zkhuh

n
@  f . 


w.t
=
w

Wdnh wkh fdvh zkhuh l @ isrru> ulfkj dqg vxssrvh wkdw  fRJJo @  foS dw wlph t= Li wkh vshhg ri
whfkqrorjlfdo fuhdwlrq +zklfk zh wdnh dv wkh uhohydqw idfwru lq wkh ulfk frxqwu|, lv idvwhu wkdq
wkh vshhg ri ohduqlqj ru whfkqrorjlfdo wudqvihu +wkh uhohydqw idfwru iru wkh srru frxqwu|, ryhu
n
wkh shulrg +t> w . t,/ wkhq wkh lqhtxdolw| oS A RJJo krogv dqg zh kdyh  n
RJJo ?  oS = Zkhq
n
wkh vshhg ri fuhdwlrq lv vorzhu wkdq wkh vshhg ri ohduqlqj/ wkhq  n
RJJo A  oS =
Wkh glhuhqwldo lq wkh udwh ri whfkqrorjlfdo surjuhvv lv % @ { +t . w,  { +t, dqg zh kdyh
orj D +t . w, @ orj D +3, . { +t,t . % t . { +t . w,w
@ orj D +t, . % t . { +t . w,w=
Wkh l*wk frxqwu|*v wudqvlwlrqdo jurzwk sdwk lv wkhq jlyhq e|
orj | +t . w, @ orj |W . orj D +t, . % t . ^orj | +t,  orj |W ` h3q  | . { +t . w,w=
n

+48,

Wkh orj shu fdslwdo lqfrph glhuhqwldo ehwzhhq wzr frxqwulhv l dqg m qrz kdv wkuhh frpsrqhqwv=
orj | +t . w,  orj | +t . w, @ E+w, . F+w, . F+w,>
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+49,

zkhuh
E+w, @ orj D +t, . % t  orj D +t,  % t


n
n
F+w, @ ^orj | +t,  orj |W ` h3q  |  orj | +t,  orj |W h3q  |

+4:,

G+w, @ { +t . w,w  { +t . w,w
Jurzwk frqyhujhqfh wkhuhiruh uhtxluhv wkh iroorzlqj frqglwlrqv wr krog=


F04 olp|<" E+w, @ 3 +, olp|<" %  % t @ orj D +t,  orj D +t,
A3
F05 olp|<" F+w, @ 3 +,  n


 
F06 olp|<" G+w, @ 3 +, { +t . w,  { @ r | =

Frqglwlrqv +F05, lv reylrxv dqg kdv suhylrxvo| ehhq frqvlghuhg lq wkh jurzwk olwhudwxuh1
D qhfhvvdu| frqglwlrq iru +F06, lv wkdw wkhuh lv vrph xowlpdwh udwh { iru zklfk olp|<" { +t .
w, @ {> dowkrxjk wklv dorqh lv qrw vx!flhqw ehfdxvh wkh frqyhujhqfh udwh pxvw eh dw ohdvw
4@w1 Frqglwlrq +F04, vd|v wkdw/ zkdwhyhu wkh lqlwldo whfkqrorjlfdo frqglwlrqv/ xowlpdwh jurzwk
frqyhujhqfh fdq wdnh sodfh surylghg wkhuh lv dssursuldwh dgmxvwphqw lq wkh udwh ri whfkqrorjlfdo


wudqvihu ru whfkqrorjlfdo fuhdwlrq1 Wkxv/ li orj D +t,orj D +t, A 3> dqg olp|<" %  % @
g A 3 zlwk g @ +orj D +t,  orj D +t,,@t> wkhq wkh whfkqrorjlfdo ghflw lv pdgh xs dqg jurzwk
frqyhujhqfh zloo eh xowlpdwho| dfklhyhg1 Rq wkh frqwudu|/ li { lv qrw wlph ydu|lqj/ jurzwk
frqyhujhqfh grhv qrw rffxu zkhqhyhu lqlwldo whfkqrorjlfdo frqglwlrqv glhu dfurvv xqlwv/ f1i1/
htxdwlrq +:,1 Lq wklv vhqvh/ wlph vhulhv khwhurjhqhlw| fdq frpshqvdwh iru khwhurjhqhlw| lq lqlwldo
frqglwlrqv1
Qrz frqvlghu wkh wlph wr frqyhujhqfh zkhq doorzdqfh lv pdgh iru wlph vhulhv khwhurjhqhlw|1
Vxssrvh wkdw hfrqrp| 6 lv lq vwhdg| vwdwh dw wlph t lq wkh vhqvh wkdw { +t, @ { dqg  +t, @ >
zkloh iru hfrqrp| 4/ { +t, ? { +t,= Wklv lqhtxdolw| uhvxowv lq   +t, ?  +t, dqg | +t, ? | +t,=
Wkh srru frxqwu| lv srru khuh ehfdxvh ri lwv orz whfkqrorj|1 Vhw t @ 3 zlwkrxw orvv ri jhqhudolw|
dqg zulwh +49, dv
orj | +w,  orj | +w, @ E  +w, . F  +w, . G  +w,>
xvlqj wkh h{solflw lqglfhv 6 dqg 4 lq sodfh ri l dqg m1 Li { +w, $ { @ {> wkhq   +w, $  @ =
Wkh vshhg ri jurzwk frqyhujhqfh lv khdylo| ghshqghqw rq wkh vshhg ri dgmxvwphqw lq wkh udwh
ri whfkqrorjlfdo surjuhvv1 Frqyhujhqfh wlph fdq eh vxevwdqwldoo| uhgxfhg li wkh frqyhujhqfh
vshhg ri { +w, lv idvw hqrxjk wr pdnh xs iru lqlwldo glhuhqwldov lq whfkqrorj|1:

6

Hfrqrphwulf Vshflfdwlrqv

Wkh suhylrxv vhfwlrq vkrzhg krz wkh sdvvdjhv wr d vwhdg| vwdwh fdq eh frpsoh{ dqg ydulhg
dfurvv lqglylgxdo xqlwv/ vr wkdw vlpsoh furvv0vhfwlrqdo whvwv iru jurzwk frqyhujhqfh fdq hdvlo|
:

Krzlww dqg Pd|hu0Irxonhv +5335, looxvwudwh vxfk d vlwxdwlrq1 Wkh| frqvlghu wkuhh jurxsv ri frxqwulhv1 Iru
rqh jurxs +wkh ulfk frxqwulhv,/ % ' % Iru dqrwkhu jurxs +wkrvh fdwfklqj xs zlwk wkh ulfk frxqwulhv,/ % E| : %
Iru wkh odvw jurxs/ % E| %

46

glvfrperexodwh wkh hylghqfh dqg pd| wkhuhiruh kdyh orz glvfulplqdwru| fdsdelolw| lq dssolfd0
wlrqv1 Wklv vhfwlrq exlogv hfrqrphwulf vshflfdwlrqv vxlwdeoh iru whvwlqj jurzwk frqyhujhqfh
xvlqj sdqho gdwd dqg dovr h{dplqhv wlph vhulhv frqyhujhqfh whvwv wkdw duh edvhg rq frlqwhjud0
wlrq dqdo|vlv1 Zh vwduw e| vhwwlqj xs dq hpslulfdo vshflfdwlrq xqghu wkh qxoo k|srwkhvlv ri
jurzwk frqyhujhqfh dqg wkhq frqvlghu wkh dowhuqdwlyh ri glyhujhqfh1 Zh ghqrwh | +w, dv || > lq
nhhslqj zlwk glvfuhwh wlph prgholqj frqyhqwlrq1
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Jurzwk Frqyhujhqfh

Xqghu krprjhqhlw|/ wkh wudqvlwlrq sdwk ri orj shu fdslwd uhdo lqfrph fdq eh zulwwhq dv
orj || @ orj |W . orj Df . {w . ^orj |f  orj |W ` h3q|
@ d| . n f| @ n +d| @n . f| , @ n j| >
dqg/ doorzlqj iru khwhurjhqhlw|/ zh kdyh wkh vdph jhqhudo uhsuhvhqwdwlrq
orj || @ orj |W . orj Df . {| w . ^orj |f  orj |W ` h3q | |
@ d| . n f| @ n +d| @n . f| , @ n j| =
Wklv sdwk fdq eh zulwwhq lq wkh htxlydohqw irup
orj || @ e| | >

+4;,

zkhuh | kdv wkh lqwhusuhwdwlrq ri d frpprq jurzwk frpsrqhqw dfurvv hfrqrplhv +j| @  | | >
vd|,/ dqg e| +@ n  | , lv wkh sursruwlrqdo ghyldwlrq ri lqglylgxdo l*v jurzwk iurp wkh frpprq
frpsrqhqw1 Gxulqj wkh wudqvlwlrqdo shulrg/ e| lv d ixqfwlrq ri wkh vshhg ri frqyhujhqfh   >
wkh jurzwk udwh ri whfkqrorjlfdo surjuhvv { dqg wkh lqlwldo jurzwk frpsrqhqw ohyho |f =
Zh vwduw e| frqvlghulqj wkh iroorzlqj wzr hpslulfdo prghov=
=

orj || @ e | . %| >

%| @ d .  %|3 . x| >

+4<,

Prgho E =

orj || @ e| | . %| >

%| @ d .  %|3 . x| >

+53,

Prgho D

zkhuh x|  llg +3> 2 ,> dqg e dqg e| fdq eh hlwkhu vwrfkdvwlf ru ghwhuplqlvwlf1 Iru wkh
prphqw/ zh zloo wdnh e| wr eh ghwhuplqlvwlf +dqg xvh ruglqdu| olplwlqj rshudwlrqv,/ exw wkhuh
lv qr vhulrxv orvv ri jhqhudolw| lq grlqj vr dqg vwrfkdvwlf fdvhv zloo eh frqvlghuhg odwhu1 Zh
gholehudwho| nhhs wkh wlph vhulhv vwuxfwxuh ri %| vlpsoh lq uhfrjqlwlrq ri wkh idfw wkdw wkh
qxpehu ri wlph vhulhv revhuydwlrqv lv riwhq txlwh olplwhg1
Wkh frqglwlrqv iru jurzwk frqyhujhqfh duh jlyhq e|
Prgho D
F4 =

e @ e iru doo l dqg w=

F5 =

m m ? 4 iru doo l=
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Prgho E
olp e| @ e iru doo l

F4 =

<"

|

m m ? 4 iru doo l=

F5 =

Lw lv vwudljkwiruzdug wr vkrz wkdw Prgho E vdwlvhv wkh ghqlwlrq ri jurzwk frqyhujhqfh dqg
Prgho E fohduo| qhvwv Prgho D1 Zh kdyh wkh iroorzlqj sursrvlwlrq1
Sursrvlwlrq 4= Xqghu frqglwlrqv F4 dqg F5 iru hdfk prgho/ erwk D dqg E vdwlvi| wkh
ghqlwlrq ri jurzwk frqyhujhqfh
Prgho D dvvxphv wkdw doo hfrqrplhv duh lq vwhdg| vwdwh ru qhdu vwhdg| vwdwh1 Lq rwkhu
zrugv/ wkh jurzwk udwh ri whfkqrorjlfdo surjuhvv lv frqvwdqw gxulqj wkh wlph shulrg ryhu zklfk
wkh frqyhujhqfh k|srwkhvlv lv ehlqj whvwhg1 Prgho E grhv qrw dvvxph hlwkhu wkdw wkh hfrqrplhv
duh qhdu vwhdg| vwdwh/ ru wkdw wkh| duh lq wudqvlwlrq1 Prgho E vwdwhv rqo| wkdw li zh kdyh hqrxjk
wlph vhulhv gdwd dqg doo hfrqrplhv frqyhujh/ wkhq e| zloo frqyhujh wr d vlqjoh ydoxh/ e> zklfk
lv wkh jurzwk udwh lq wkh vwhdg| vwdwh1 Vhfwlrq 616 glvfxvvhv wklv wudqvlwlrq lq pruh ghwdlo1 Wkh
vshhg ri frqyhujhqfh ri e| lq wklv fdvh vkrxog eh idvwhu wkdq wkh vshhg ri glyhujhqfh ri | > l1h1/


e|  e @ r 3
li | $ 4 dv w $ 4= Wkhq/
|
e| | @ e| . +e|  e,| @ e| . r +4, >

dv w $ 4=

+54,

Li wkh jurzwk frpsrqhqw | lv vwrfkdvwlf dqg | @ RR +w@ , dv w $ 4/ wkhq +54, krogv zlwk r +4,
uhsodfhg e| rR +4, surylghg e|  e @ r+w3@ ,=
Prgho D uhtxluhv qr vxfk vlgh frqglwlrq ehfdxvh e| @ e iru doo l dqg w dqg wkh glhuhqfh
,=
ehwzhhq shu fdslwd lqfrph iru hfrqrplhv l dqg m lv RR +3
|
Zlwklq wklv iudphzrun iru jurzwk frqyhujhqfh/ prvw wlph vhulhv dqg sdqho hpslulfdo vwxglhv
kdyh uholhg rq prgho D wr whvw frqyhujhqfh1 Wkh dssurdfk lv sduwlfxoduo| lqylwlqj zlwk sdqho
gdwd vhwv ehfdxvh/ xqghu prgho D/ sdqho xqlw urrw whvwv fdq eh xvhg lq d vwudljkwiruzdug zd| wr
dvvhvv wkh hylghqfh iru jurzwk frqyhujhqfh +JF,1 Zkhq D lv wkh wuxh gdwd jhqhudwlqj surfhvv
+gjs,/ lw lv hdv| wr vhh wkdw wkh iroorzlqj htxlydohqfhv krog=
+
L+3, iru doo l dqg m +,
JF krogv
orj ||  orj || @
>
L+4, iru dq| l dqg m +, JF qrw krog
dqg


4 [
orj || 
orj || @
Q


'

+

L+3, iru doo l
L+4, iru dq| l

+,
JF krogv
=
+, JF qrw krog

Rq wkh rwkhu kdqg/ li Prgho E lv wkh wuxh gjs/ wkhq iru vdpsoh gdwd zlwk w @ 4> ===> W dqg
{hg W>
+
L+3, iru doo l dqg m
@,
JF krogv
>
orj ||  orj || @
L+4, iru vrph l dqg m > JF qrw krog
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dqg


4 [
orj || 
orj || @
Q '

+

L+3, iru doo l= @,
JF krogv
=
L+4, iru vrph l > JF qrw krog

Reylrxvo|/ wkh glhuhqfh ehwzhhq prghov D dqg E dulvhv ehfdxvh zh pd| zhoo kdyh glhuhqw
wuhqg jurzwk ehkdylru iru qlwh w +l1h1/ e| 9@ e| iru qlwh w,1 Lq wkdw fdvh/ orj ||  orj || pd|
whvw dv L+4, iru vrph l dqg m> hyhq wkrxjk dv w ehfrphv odujh wkh L+4, hhfw glplqlvkhv ehfdxvh
ri frqglwlrq F41 Rq wkh rwkhu kdqg/ li orj ||  orj || whvwv dv L+3, iru doo l dqg m ryhu wkh
vdpsoh gdwd/ wkhq F4 hqvxuhv wkdw L+3, ehkdylru rewdlqv ryhu wkh orqj uxq dqg vr JF krogv1
Prgho E dsshduv pruh uhdolvwlf wkdq prgho D lq wkdw E doorzv iru khwhurjhqhlw| lq  dqg
vrph ghjuhh ri glyhujhqfh iru qlwh w> exw uhtxluhv frqyhujhqfh lq wkh olplw1 Prgho D lv pxfk
vlpsohu dqg shuplwv hdv| whvwlqj ri jurzwk frqyhujhqfh/ exw pd| eh wrr uhvwulfwlyh lq sudfwlfdo
dssolfdwlrqv1
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Jurzwk Glyhujhqfh

Wkhuh duh pdq| zd|v ri fkdudfwhul}lqj glyhujhqfh; 1 Zh frqvlghu wzr vshflf dowhuqdwlyhv khuh1
Lq wkh uvw/ orj shu fdslwd uhdo lqfrph iroorzv dq lqglylgxdo udqgrp zdon zlwk guliw1 Wkdw lv/
orj || @  | >  | @ f .  |3 . %| =

+55,

zkhuh %|  llg +3> 20 , dfurvv w= Zh pd| doorz %| wr eh fruuhodwhg dfurvv l surylghg wkh udqgrp
zdonv kdyh ixoo udqn Q/ vr wkhuh lv qr frlqwhjudwlrq ehwzhhq  | dqg  | iru l 9@ m1 Vlqfh orj ||
glyhujhv dqg wkhuh lv jurzwk glyhujhqfh ehwzhhq orj || dqg orj || iru doo l 9@ m1 Vxssrvh zh
qrz zulwh +55, lq wkh irup ri +4;,/ yl}1
orj || @ e| | =
Pruh vshflfdoo|/ zh fdq zulwh +55, dv


|
4 S
orj || @ f w .
%r @ f .
%r w>
w r'
r'
|
S

+56,

S
vr wkdw | @ w dqg e| @ f . | |r' %r $@r f dv w $ 4= Fohduo|/ wkh vdph uhvxow zloo krog li
%| lv vwdwlrqdu| dqg hujrglf1
D vhfrqg srvvlelolw| lv wkdw orj shu fdslwd uhdo lqfrph iroorzv d wuhqg vwdwlrqdu| surfhvv
zkrvh ghwhuplqlvwlf sduw lv jlyhq e|
l
kd

orj || @ d . f w @
+57,
. f w
w
;

Wkh xowlpdwh uhtxluhphqw iru frqyhujhqfh lv % E| < % Xqghu wklv frqglwlrq/ orj shu fdslwd uhdo lqfrph zloo
eh wuhqg vwdwlrqdu| lq wkh vwhdg| vwdwh1 Krzhyhu/ gxulqj wudqvlwlrq/ lw frxog zhoo eh vwrfkdvwlfdoo| qrqvwdwlrqdu|
ghshqglqj rq wkh pdqqhu lq zklfk %| dqg q | hyroyh ryhu wlph1 Iru lqvwdqfh/ %| frxog iroorz d pduwlqjdoh wkdw
frqyhujhg doprvw vxuho| wr d frqvwdqw ydoxh %

49

zkhuh wkh vwdwlrqdu| huuru frpsrqhqw lv ljqruhg1 Dv orqj dv f 9@ f iru l 9@ m> orj ||  orj ||
lv glyhujhqw dv w $ 4= Wkhuh lv dq revhuydwlrqdo htxlydohqfh sureohp lq wudqvlwlrq li f lv wkh
lqyhuvh ri d 1 Wr vhh wklv/ vxssrvh f @ 4@d > dqg revhuyh wkdw
orj ||  orj || @ d  d .
jlylqj

d  d
w>
d d

orj || @ orj || > dw wW @ d d =

Dffruglqjo|/ orj || dqg orj || pd| vhhp wr frqyhujh dv wkh hfrqrplhv hyroyh wrzdug wlph wW
+zklfk zloo eh odujh li d dqg d duh odujh, dqg glyhujh vxevhtxhqwo|1 Lq idfw/ wkh jurzwk fxuyhv
furvv dqg kdyh glhuhqw vorshv ehfdxvh f @ 4@d 9@ 4@d @ f = Vr wklv fdvh fdq eh h{foxghg1
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D Wudqvlwlrq Sdudphwhu wr Dvvhvv Frqyhujhqfh

Luuhvshfwlyh ri zkhwkhu hfrqrplhv frqyhujh/ wkh jurzwk frpsrqhqw ri orj shu fdslwd uhdo lqfrph
iru frxqwu| l fdq eh zulwwhq dv
orj || @ e| | =
+58,
Zh fdq dgg lq d vwrfkdvwlf frpsrqhqw wr wklv htxdwlrq wr fdswxuh f|folfdo dqg udqgrp frp0
srqhqwv lq wkh dfwxdo gdwd dqg ghqh orj z| wr eh dfwxdo revhuyhg orj shu fdslwd uhdo lqfrph
orj z| @ orj || . y| >

+59,

zkhuh y| lv dq dgglwlyh vkrfn1
Vxssrvh orj || lv nqrzq ru revhuydeoh wr wkh hfrqrphwulfldq dqg +58, krogv1 Wdnlqj udwlrv
wr furvv0vhfwlrqdo dyhudjhv jlyhv wkh vwdqgdugl}hg txdqwlw|
orj ||
e|
@  S
=
k| @  S
orj ||
e
'
' |



+5:,

Xqghu wkh qxoo k|srwkhvlv ri jurzwk frqyhujhqfh dqg {hg Q zh kdyh
olp e| @ e>


4 S
e| @ e>
|<" Q
'

olp

+5;,

olp k| @ 4=

+5<,

<"

|

vr wkdw
|

<"

Lq wkh vwhdg| vwdwh/ orj shu fdslwd uhdo lqfrph iroorzv wkh wuhqg e| 1 Wklv lpsolhv wkh olplw
ri e| ghwhuplqhv wkh jurzwk udwh lq wkh vwhdg| vwdwh +lw lv wkh jurzwk udwh zkhq | @ w,1 Li
wkh furvv0vhfwlrqdo dyhudjh ri e| lv e dv Q $ 4> wkhq k| fdq eh uhjdughg dv wkh ghjuhh
ri ghsduwxuh iurp wkh vwhdg| vwdwh1 Khqfh zh fdoo k| d cwudqvlwlrq sdudphwhu* ehfdxvh lwv
ehkdylru dv w $ 4 uh hfwv wkh frqyhujhqfh ri e| lq +5;,1

4:

Dv|pswrwlf Ehkdylru ri wkh Wudqvlwlrq Sdudphwhu
Zh uvw frqvlghu wkh dv|pswrwlf ehkdylru ri k| dv w $ 4 zlwk Q {hg1 Ohw 2| @
 S +k|  4,2 eh wkh vdpsoh furvv vhfwlrq yduldwlrq ri k| = Xqghu frqyhujhqfh/ wkh iro0
'

orzlqj surshuwlhv krog/ wkh uvw ehlqj +5<, deryh1
+l, olp|<" k| @ 4>
+ll, olp|<" 2| @ 3=
Li wkh dowhuqdwlyh k|srwkhvlv ri glyhujhqfh krogv/ zh kdyh olp|<" e| @ f ? 4> zlwk f 9@ f
iru l 9@ m> lq sodfh ri +5;,1 Ghqh
f @


4 [
f >
Q


f2  @

'


4 [ 2
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Uhvxow +ll, lv lpphgldwh1 Iru +lll, dqg +ly,/ lw lv frqyhqlhqw wr vkrz wkh uhvxow xvlqj wkh
suhylrxv wzr h{dpsohv  d vwrfkdvwlf wuhqg zlwk guliw/ dqg d olqhdu wuhqg1 Lq wkh fdvh ri d xqlw
urrw surfhvv zlwk guliw/ zh kdyh +f1i1 +56,,
e| @ f .

|
4 S
%r
w r'

+63,

dqg e| wkh vwurqj odz ri odujh qxpehuv
e| $@r f >

dv w $ 4>

+64,

zklfk lv wkh vorsh frh!flhqw ri wkh olqhdu guliw1 Lq wkh fdvh ri d olqhdu wuhqg/ zh kdyh +f1i1
+57,,
kd
l

olp e| @ olp
+65,
. f @ f >
|<"
|<"
w
dqg djdlq wkh olplw lv wkh vorsh frh!flhqw ri wkh olqhdu wuhqg1 Lq erwk fdvhv/ zh jhw
k| @ e| @


4 S
e| $@r f @
f @ ! >
Q '

+66,

jlylqj +lll, dqg +ly,1 Wkh olplw g lq +ly, lv qrq }hur xqghu glyhujhqfh/ uhsuhvhqwlqj wkh
khwhurjhqhlw| lq wkh frh!flhqwv f zklfk/ lq wxuq/ uh hfwv wkh khwhurjhqhlw| lq wkh ixqgdphqwdo
sdudphwhuv   dqg { =

4;

Qh{w frqvlghu wkh surshuwlhv ri k| iru {hg +odujh, w dqg dv|pswrwlfdoo| odujh Q= Zh
frqqh rxu dwwhqwlrq wr wkh fdvh +63,/ doorzlqj %r wr eh furvv vhfwlrqdoo| fruuhodwhg exw uh0
txlulqj wkdw odzv ri odujh qxpehuv dsso| dv Q $ 4= Lq sduwlfxodu/ zh uhtxluh wkdw wkh vdpsoh
prphqwv +
f > f2  , kdyh qlwh olplwv/ yl}1/
f $ f>

f2  $ f2

dv Q $ 4>

+67,

dqg dvvxph wkdw


4 S
4 S
%r >
f %r $@r 3>
Q '
Q '


4 S
%2 $@r 2 >
Q ' r

dv Q $ 4=

+68,

Zh ixuwkhu uhtxluh wkdw

H

A
S

'

%r

2

r

@ W $ 2 . r +W , >

xqlirupo| lq l

+69,

zkhuh $2 @ 5i0 +3, lv wkh orqj uxq yduldqfh ri %r dqg i0 lv lwv vshfwudo ghqvlw|/ dqg wkdw

4 S
$2 $ $2 =
Q ' 

+6:,

Sulplwlyh frqglwlrqv xqghu zklfk olplwv vxfk dv wkhvh krog duh surylghg lq Skloolsv dqg Prrq
+4<<<,1 Xqghu wkh dgglwlrqdo uhtxluhphqwv +67, 0 +6:,/ lw lv hdvlo| vhhq wkdw
S
e2 @ f2 .
+y, solp <"  
' |

/2
|
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Zh pd| xvh surshuw| +yll, wr frpsduh wkh vdpsoh yduldwlrq/ 2| / ri k| iru odujh Q dw
wzr srlqwv lq wlph w @ W @ ^W u ` dqg w @ W2 @ ^W u2 ` zlwk u2 A u 1 Lq wklv fdvh/ zh kdyh wkh
dssur{lpdwh uhodwlrq
2
f2  f2 . /A2
2A2 
*
iru W2 A W
+6;,
2 ? 4>
2A 
f2  f2 . /A


vxjjhvwlqj wkdw wkh vdpsolqj yduldelolw| 2| pd| ghfuhdvh dv w lqfuhdvhv/ exw qrw wr }hur zkhq

wkhuh lv jurzwk glyhujhqfh1
Wkh qlwh vdpsoh surshuwlhv ri wkh wudqvlwlrq sdudphwhu k| ghshqg rq wkh glvwulexwlrq
ri lqlwldo lqfrph/ whfkqrorjlfdo surjuhvv/ dqg wkh vshhg ri frqyhujhqfh1 Whvwlqj frqyhujhqfh
xvlqj wkh wudqvlwlrq sdudphwhu lqyroyhv hvwlpdwlqj k| dqg dvvhvvlqj hylghqfh lq vxssruw ri
wkh deryh surshuwlhv1

4<

7

Hpslulfdo Sdqho Xqlw Urrw Dqdo|vlv zlwk Furvv Vhfwlrq Gh0
shqghqfh

Wkh iroorzlqj duh wzr srsxodu sdqho uhjuhvvlrq prghov xvhg wr whvw hfrqrplf frqyhujhqfh edvhg
rq Prgho D1
D4 = orj z|  orj zu| @  .  +orj z|3  orj zu|3 , .

R
[
r

D5 = orj z|  orj z| @  .  +orj z|3  orj z|3 , .

'

R
[

'

$ r  iorj z|3r  orj zu|3r j . x|
r  iorj z|3r  orj z|3r j . x|

r

Khuh z| lv dv ghqhg lq +59, dqg sdqho xqlw urrw whvwv duh iuhtxhqwo| xvhg wr vwxg| frqyhujhqfh1
Uhjuhvvlrq D4 lv vwxglhg e| Hydqv dqg Nduudv +4<<9, dqg Hydqv +4<<;, zkloh Uhjuhvvlrq D5
lv h{dplqhg e| Ehuqdug dqg Gxuodxi +4<<8,1 Qrqh ri wkhvh vwxglhv dffrxqw iru furvv0vhfwlrqdo
ghshqghqfh lq wkh uhvlgxdov/ zklfk vhhpv wr eh dq lpsruwdqw ihdwxuh ri wkh gdwd lq hpslulfdo
zrun1 Zh wkhuhiruh vhhn wr wdnh wklv ghshqghqfh lqwr dffrxqw1 Wkh hpslulfdo dqdo|vlv wkdw
iroorzv xvhv wklv sdqho xqlw urrw dssurdfk wr h{dplqh wkh hylghqfh iru uhjlrqdo frqyhujhqfh
dprqj wkh 7; frqwljxrxv XV Vwdwhv ryhu 4<5< wr 4<<;/ d frqwh{w zkhuh furvv vhfwlrq ghshqghqfh
lv wr eh h{shfwhg1 Zh uhsruw hpslulfdo uhvxowv rqo| iru Uhjuhvvlrq D4 vlqfh wkh uhvxowv duh
vlplodu iru Uhjuhvvlrq D51
Dv wkh ghjuhh ri furvv0vhfwlrqdo ghshqghqfh ehfrphv juhdwhu/ lw lv nqrzq +Skloolsv dqg Vxo/
5335, wkdw sdqho xqlw urrw whvwv wkdw idlo wr wdnh dffrxqw ri furvv0vhfwlrqdo ghshqghqfh txlfno|
ehfrph yhu| xqvdwlvidfwru|1 D frqyhqwlrqdo zd| ri ghdolqj zlwk furvv0vhfwlrqdo ghshqghqfh lv
wr lqfoxgh d frpprq wlph hhfw/ exw wklv dssurdfk lv dovr xqvdwlvidfwru| zkhq wkh frpprq
wlph hhfw kdv d glhuhqw lpsdfw rq glhuhqw vhulhv< 1 Wr doorz iru vrph h{wud jhqhudolw|/
wkhuhiruh/ zh vxssrvh wkh uhjuhvvlrq uhvlgxdov kdyh wkh iroorzlqj sdudphwulf furvv0vhfwlrqdo
vwuxfwxuh +xvhg lq Eduur dqg Vdod0l0Pduwlq/ 4<<5/ dqg Skloolsv dqg Vxo/ 5335,
x| @  | . h| >

+6<,

zkhuh wkh h| duh llg dqg lqghshqghqw ri | / dqg   lv qrqvwrfkdvwlf1 Xqghu wklv irup ri furvv
vhfwlrqdo ghshqghqfh/ frqyhqwlrqdo sdqho xqlw urrw whvwv idlo ehfdxvh ri qxlvdqfh sdudphwhu
ghshqghqflhv1 Skloolsv dqg Vxo +5335, sursrvhg dq ruwkrjrqdol}dwlrq surfhgxuh +RS, wr holp0
lqdwh wkh lglrv|qfudwlf ordglqj sdudphwhuv   lq wkh prgho +6<,/ zklfk pdnhv lw srvvleoh wr
frqgxfw dv|pswrwlfdoo| vlplodu whvwv iru d sdqho xqlw urrw1 D uhodwhg dssurdfk zdv vxjjhvwhg
lqghshqghqwo| e| Prrq dqg Shuurq +5335,1
Wkh qxoo k|srwkhvlv iru erwk uhjuhvvlrqv D4 dqg D5 lv d frpprq sdqho xqlw urrw/ l1h1/

Kf =  @ 4 iru DOO l= Zlwk d frpprq sdqho xqlw urrw/ doo hfrqrplhv glyhujh vr wkdw uhmhfwlrq
<

Uhjuhvvlrq D lqfoxghv d frpprq wlph hhfw1 Krzhyhu/ wkh frpprq wlph hhfwv zrun rqo| zkhq wkh furvv0
vhfwlrqdo ghshqghqfh lv lghqwlfdo1 Iru h{dpsoh/ li | ' B  w| n e| dv lq +6<,/ wkhq | 3 u| ' EB  3 7Bw| n e| 3 eu| 
Vr/ furvv0vhfwlrqdo ghshqghqfh lv qrw holplqdwhg e| xvlqj d frpprq wlph hhfw zkhq wkh lglrv|qfudwlf ordglqjv
B  glhu dfurvv  Wkh frqvhtxhqfhv ri xvlqj d frpprq wlph hhfw zkhq wkh huuruv | kdyh glhuhqw idfwru
ordglqjv duh lqyhvwljdwhg lq Skloolsv dqg Vxo +5335,1

53

ri Kf grhv qrw lwvhoi lpso| ryhudoo frqyhujhqfh1 Wr doorz iru wkh idfw wkdw vrph xqlwv pd|
frqyhujh dqg rwkhuv pd| qrw/ vxejurxs dqdo|vhv fdq eh xvhg wr frqup ryhudoo frqyhujhqfh
dqg fkhfn iru frqglwlrqdo frqyhujhqfh1 Wklv dssurdfk udlvhv wkh txhvwlrq ri krz wr frqvwuxfw
vxejurxsv1 Wkuhh vrphzkdw fuxgh fodvvlfdwlrqv duh xvhg khuh wr ghwhuplqh vxejurxslqjv1
Wkh fodvvlfdwlrqv lqyroyh furvv vhfwlrqdo fruuhodwlrq43 / jhrjudsklfdo glvwdqfh/ dqg wkh ohyho
ri lqfrph44 1 Dowhuqdwlyh vxejurxslqj phwkrgv duh srvvleoh/ vrph ri zklfk duh gdwd edvhg1
Iru h{dpsoh/ Vxq +5334, frqvlghuv d foxvwhulqj dojrulwkp wr qg d vpdoo jurxs ri vr0fdoohg
frqyhujhqfh foxev> dqg Krelmlq dqg Iudqvhv+5333, uho| rq lqglylgxdo s0ydoxh ri wkh NSVV whvw
vwdwlvwlf wr frqvwuxfw uhjlrqdo frqyhujhqfh jurxsv1
Wdeoh 4= Sdqho Xqlw Urrw Hylghqfh rq Uhjlrqdo Frqyhujhqfh dprqj XV Vwdwhv ryhu
4<5<04<<;
Jn
]
( ri 
ae6 @ 4
S0ydoxhv
Doo +7;,
31365 31336
73
Vxejurxslqjv Dffruglqj wr Lqfrph Ohyho
Kljk +43,
315;5 3158<
66
Plg +4:,
31336 31336
53
Orz +54,
313<3 31388
67
Vxejurxslqjv Dffruglqj wr Furvv0Vhfwlrqdo Huuru Fruuhodwlrq
Kljk +58,
31694 313:4
433W
Plg +44,
31338 3134<
5:
Orz +45,
31595 31469
76
Vxejurxslqjv Dffruglqj wr Eurdg Uhjlrqdo Vshflfdwlrq
Qruwkhdvw +49, 31357 3134<
4;
Zhvw +4;,
31333 31337
4:
Vrxwk +47,
31333 31334
46
+-, vljqlhv xvh ri d vhhplqjo| xquhodwhg phgldq xqeldvhg hvwlpdwru +vhh Skloolsv dqg Vxo/ 5335,1
43

Zh frqvlghu wkh iroorzlqj lwhudwlyh vwudwhj| iru wkh vhohfwlrq ri vxe0sdqhov edvhg rq furvv vhfwlrq fruuhodwlrq1
Wklv lv d olnholkrrg0edvhg dojrulwkp iru surgxflqj vwdwh foxvwhuv1 Iluvw/ zh frqvwuxfw &0vwdwh vxesdqhov zkhuh & lv
d vpdoo qxpehu olnh  Vhfrqg/ zh hvwlpdwh 4 e| xvlqj vhhplqjo| xquhodwhg phgldq xqeldvhg hvwlpdwru sursrvhg
e| Skloolsv dqg Vxo +5335, dqg fdofxodwh wkh fruuhvsrqglqj lpsxwhg olnholkrrg1 Gurs wkrvh furvv vhfwlrqdo xqlwv
wkdw idoo lq wkh orzhvw 4 ( ri olnholkrrg ydoxhv1 Ilqdoo|/ zh lqfuhdvh & dqg frqvwuxfw dqrwkhu vhw ri vxe0sdqhov
iurp wkh vpdoohu ryhudoo jurxs1 Wkhq uhshdw uvw 5 vwhsv dv orqj dv wkh orzhvw I dqg kljkhvw I duh glvwlqfw/
gursslqj wkh orzhvw I xqwlo wkh orzhvw dqg kljkhvw I duh qr orqjhu glvwlqfw1 Dw wklv srlqw/ froohfw doo wkh
Vwdwhv wkdw kdyh ehhq gursshg 0 wkhvh frqvwlwxwhg wkh orzhvw I Wkh kljkhvw I duh wkrvh wkdw vwd| lq wkh
kljkhvw I fodvvlfdwlrq xqwlo wkh qdo lwhudwlrq1 Wkh uhpdlqlqj Vwdwhv frqvwlwxwh d plggoh jurxs1 Wkh orzhvw/
dyhudjh/ dqg kljkhvw furvv vhfwlrqdo fruuhodwlrqv duh +31;8/ 31<5/ 31<<,/ +31:7/ 31;7/ 31<8, dqg +3189/ 31:</ 31<8,
iru wkh kljk/ plggoh/ dqg orz furvv0vhfwlrqdo sdqho/ uhvshfwlyho|1
44
Wkrvh Vwdwhv iru zklfk wkh dyhudjh lqfrph ryhu wkh :3 |hduv lv pruh wkdq '47/333 duh fodvvlhg dv wkh kljk
lqfrph jurxs1 Vwdwhv zlwk dyhudjh lqfrph ehwzhhq '47/333 dqg '45/333 duh fodvvlhg dv plg0lqfrph/ dqg wkrvh
ehorz '45/333 dv orz lqfrph1

54

Wdeoh 4 vxppdul}hv wkh hpslulfdo uhvxowv1 Wkh uvw wzr froxpqv vkrz wkh s0ydoxhv ri
Skloolsv dqg Vxo*v +5335, wzr whvw vwdwlvwlfv +Jn dqg ], iru sdqho xqlw urrwv doorzlqj iru
furvv0vhfwlrqdo huuru ghshqghqfh ri wkh irup +6<, lq uhjuhvvlrq D41
Iru doo 7; Vwdwhv/ wkh s0ydoxhv duh orzhu wkdq 8(/ vr wkh qxoo k|srwkhvlv ri sdqho xqlw urrwv
+l1h1/ doo Vwdwhv glyhujh, lv uhmhfwhg vwurqjo|1 Dv glvfxvvhg hduolhu/ uhmhfwlrq grhv qrw lpso|
wkdw doo Vwdwhv frqyhujh/ rqo| wkdw vrph Vwdwhv frqyhujh1 Wr frqup zkhwkhu uhmhfwlrq lpsolhv
ryhudoo frqyhujhqfh khuh/ zh hvwlpdwh  lqglylgxdoo| xvlqj dq h{dfw phgldq xqeldvhg +HPX,
hvwlpdwru wr dyrlg vpdoo vdpsoh eldv +vhh Dqguhzv/ 4<<4/ dqg Skloolsv dqg Vxo/ 5335, dqg
fdofxodwh krz pdq| HPX hvwlpdwhv/ 
ae6 > duh htxdo wr xqlw| +Qrwh wkdw HPX hvwlpdwhv fdq
htxdo wr xqlw| zlwk srvlwlyh suredelolw| lq qlwh vdpsohv,1 Zh xvh wkhvh qxpehuv dv zhdn
vxssohphqwdu| hylghqfh derxw wkh frqyhujhqfh surshuwlhv lq d pl{hg sdqho/ l1h/ d sdqho zkrvh
hohphqwv frqwdlq erwk qrq0vwdwlrqdu| dqg vwdwlrqdu| wlph vhulhv1 Wklv ydoxh iru uhjuhvvlrq D4
lv glvsod|hg lq wkh wklug froxpq1 Derxw 53 hvwlpdwhv ri  rxw ri 7; +76(, lq wkhvh uhjuhvvlrqv
htxdo xqlw|1 Krzhyhu/ wkh lqwhusuhwdwlrq ri wklv uhvxow lv qrw wkdw 76( ri wkh Vwdwhv glyhujh ru
wkdw 8:( frqyhujh1 Iru/ hyhq li wkh wuxh  @ 4> wkhq rqo| 83( ri wkh vdpsohg HPX hvwlpdwhv
zrxog eh htxdo wr xqlw| ehfdxvh wkh hvwlpdwru lv phgldq xqeldvhg1 Wkh fruuhfw lqwhusuhwdwlrq
ri wkh qxpehu 76( lv wkdw lw lv kljko| olnho| wkdw vrph ri wkh *v duh xqlw| ru yhu| forvh wr
xqlw|1
Lqwhuhvwlqjo|/ wkh hpslulfdo uhvxowv vkrzq lq Wdeoh 4 vhhp wr whoo xv wkdw kljk lqfrph
Vwdwhv glyhujh/ dqg wkh vdph lv vr +dw ohdvw pdujlqdoo|, iru orz0lqfrph Vwdwhv/ exw plg0lqfrph
Vwdwhv pd| frqyhujh/ dowkrxjk wkh iudfwlrqdo shufhqwdjh ri 
ae6 *v htxdo wr xqlw| lv vwloo 53(
ru juhdwhu lq wklv odwwhu fdvh1 D vxesdqho dqdo|vlv edvhg rq furvv0vhfwlrqdo huuru fruuhodwlrq
frqupv wkhvh qglqjv1 Iru wkh kljko| ghshqghqw Vwdwhv/ wkhuh lv olwwoh hylghqfh ri hfrqrplf
frqyhujhqfh1 Qru lv wkhuh iru Vwdwhv zlwk orz ghshqghqfh1 Zlwk vxejurxslqjv edvhg rq eurdg
uhjlrqdo jurxsv/ krzhyhu/ wkhuh dsshduv wr eh hylghqfh iru hfrqrplf frqyhujhqfh/ lq frqwudvw
wr wkh rwkhu fodvvlfdwlrqv1

8

Ilwwlqj wkh Wudqvlwlrq Sdudphwhu

Ilwwlqj k| iurp gdwd xvlqj d uhjuhvvlrq dssurdfk lqhylwdeo| hqfrxqwhuv gl!fxowlhv ehfdxvh
wkh qxpehu ri xqnqrzqv lv wkh vdph dv wkh qxpehu ri revhuydwlrqv1 Vprrwklqj phwkrgv
rhu dq reylrxv dowhuqdwlyh dssurdfk wr h{wudfwlqj k| iurp orjz| = Dffruglqjo|/ zh hpsor|
wkh Zklwwdnhu0Krgulfn0Suhvfrww +ZKS, owhu45 wr hvwlpdwh wkh wuhqg frpsrqhqw e| | 1 Wkh
surfhgxuh lv h{leoh/ uhtxluhv rqo| wkh lqsxw ri d vprrwklqj sdudphwhu/ dqg grhv qrw uhtxluh
sulru vshflfdwlrq ri wkh qxpehu ri frpprq wuhqgv | lq orjz| 1 Kdylqj frpsxwhg wkh ZKS
hvwlpdwh
+73,
ia| @ eg
| |
45

Zklwwdnhu +4<56, uvw vxjjhvwhg wklv shqdol}hg phwkrg ri vprrwklqj ru cjudgxdwlqj* gdwd1 Wkh dssurdfk kdv
ehhq xvhg uhjxoduo| lq hpslulfdo zrun lq wlph vhulhv pdfurhfrqrplfv vlqfh Krgulfn dqg Suhvfrww +4<;524<<:,/
dowkrxjk wkh olqn wr wkh hduolhu zrun e| Zklwwdnhu dqg wkh odujh olwhudwxuh rq vprrwklqj +h1j1 vhh Nlwdjdzd
dqg Jhuvfk/ 4<<9, vhhpv qrw wr kdyh ehhq jhqhudoo| dfnqrzohgjhg lq wkh hfrqrplfv olwhudwxuh1

55

ri i| @ e| | / zh wdnh furvv0vhfwlrqdo dyhudjhv dv lq +5:,/ ohdglqj gluhfwo| wr hvwlpdwhv/
a
a | @ Si|
k
  ia|
'

a | udwkhu wkdq k
a | khuh dqg
ri k| = Iru qrwdwlrqdo vlpsolflw| dqg ehfdxvh Q lv jlyhq/ zh xvh k
lq zkdw iroorzv1 Zulwlqj


h|
a
i| @ i| . h| @ e| .
>
| |
lw lv fohdu wkdw xqghu jurzwk frqyhujhqfh +zkhuh e| $ e dv w $ 4, zh kdyh
k
l
e| . e>|
a | @
k |
l $R 4> xqlirupo| lq l dv w $ 4>
k
 S e| . e|
'

>

+74,

|

li

e|
>|

@ rR +4, 46 xqlirupo| lq l dv w $ 4= Xqghu wkh vdph frqglwlrqv

a 2| @


4 S
a |  4,2 $R 3>
+k
Q '

dv w $ 4>

+75,

jlylqj hpslulfdo yhuvlrqv ri wkh hduolhu surshuwlhv +l, 0 +ll, ri k| 1 Lq hhfw/ xqghu frqglwlrqv
ri frqyhujhqfh/ zkhq wkh sdudphwhuv   dqg { wdnh vlplodu furvv vhfwlrq ydoxhv dqg e| whqgv
a | zloo ghfolqh wr }hur ryhu wlph1
wr d frpprq ydoxh ryhu wlph/ wkh furvv vhfwlrqdo yduldqfh ri k
Xqghu wkh dowhuqdwlyh ri qr frqyhujhqfh zh kdyh
a | $R f >
k
f

olp 
a 2| A 3>

|

<"

fruuhvsrqglqj wr wkh hduolhu surshuwlhv +lll, 0 +ly, ri k| > zklfk surylghv hylghqfh rq glyhujhqw
ehkdylru1 Lq hhfw/ zkhq wkh   dqg { duh khwhurjhqhrxv dqg wkhuh lv khwhurjhqhlw| ryhu e|
a | zloo qrw ghfolqh wr }hur1 Vlploduo|/ hpslulfdo
dv w $ 4/ wkh furvv vhfwlrqdo yduldqfh ri k
hvwlpdwhv 
a 2| @a
2^ ri wkh yduldqfh udwlr iru w A t dqg lwv ehkdylru dv w lqfuhdvhv fdq eh frpsduhg
wr wkdw ri wkh dv|pswrwlf dssur{lpdwlrq ri 2| @ 2^ jlyhq e| +6;,1

9

Vrph Hpslulfdo Ilqglqjv rq Frqyhujhqfh

Zh surylgh wzr glhuhqw hpslulfdo looxvwudwlrqv1 Wkh uvw lqyroyhv wzr vhsdudwh sdqhov lq hdfk
ri zklfk wkhuh dsshdu wr eh vlplodu vshhgv ri frqyhujhqfh= wkh 7; frqwljxrxv X1V1 Vwdwhv
sdqho> dqg d sdqho ri qdwlrqdo rxwsxw ri 54 RHFG frxqwulhv1 Wkh vhfrqg lqyroyhv wkh ixoo
SZW +yhuvlrq 819, sdqho zkhuh wkhuh lv fohduo| khwhurjhqhlw| ryhu wlph lq frqyhujhqfh udwhv1
46

Vlqfh e| lv wkh huuru lq wkh ZKS owhu hvwlpdwh ri s| dqg >| lv wkh frpprq wuhqg dfurvv xqlwv  ' c c /
wkh frqglwlrq e>lw <R f xqlirupo| lq  vhhpv uhdvrqdeoh1 Sulplwlyh frqglwlrqv xqghu wklv krogv zloo ghshqg/ lqwhu
w
dold/ rq wkh fkrlfh ri wkh vprrwklqj sdudphwhu lq wkh ZKS owhu dqg lwv dv|pswrwlf ehkdylru dv wkh vdpsoh vl}h
lqfuhdvhv1 Skloolsv dqg Mlq +5335, surylgh vrph dv|pswrwlf wkhru| iru wkh ZKS owhu xqghu ydulrxv dvvxpswlrqv
derxw wkh vprrwklqj sdudphwhu lq wkh owhu1

56

Transition Parameters

1.08

Mid Altantic
Great Lakes
Pacific
South Altantic
East South Central

New England
Mountain
Plains States
West South Central

1

0.92
29

32

35
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41

44

47

50

53

56

59

62

65

68

71

74

77

80

83

86

89

92

95

98

Year

Iljxuh 8= Wlph Suroh ri Uhjlrqdo Dyhudjhv ri Wudqvlwlrq Sdudphwhu Hvwlpdwhv= 7; Frqwljxrxv
X1V1 Vwdwhv1

914

Sdqhov zlwk Vlplodu Vshhg ri Frqyhujhqfh

a | ryhu < uhjlrqv iru wkh frqwljxrxv X1V1 Vwdwhv
Ilj1 8 vkrzv wkh furvv0vhfwlrqdo dyhudjh ri k
gdwd/ wkh lpsruwdqfh ri uhjlrqdo jurxslqjv ri wkh XV Vwdwhv gdwd kdylqj vkrzq xs hduolhu lq
Wdeoh 41 Wkh wlph suroh ri wkhvh furvv vhfwlrqdo dyhudjhv vkrzv fohdu hylghqfh wkdw wkh k|
kdyh ehhq frqyhujlqj ryhu wkh odvw :3 |hduv1 Iljxuh 9 vkrzv wkh fruuhvsrqglqj wlph surohv ri
a | iru wkh qdwlrqdo rxwsxw ri 54 RHFG frxqwulhv wdnhq iurp wkh Vxpphuv dqg Khvwrq gdwd
k
vhw +SZW 819, iurp 4<83 wr 4<<51 Hylghqwo|/ wkhvh wzr gdwd vhwv whoo pxfk wkh vdph vwru| 
wkdw wkhvh uhjlrqdo jurxslqjv dqg qdwlrqdo hfrqrplhv duh dssduhqwo| frqyhujlqj ryhu wlph1
a | derxw wkh vdpsoh phdq iru jlyhq w lv
Wkh furvv0vhfwlrqdo yduldqfh ri k

a 2| @



4 S
a |  4 S k
a | ,2 =
+k
Q '
Q '

Xqghu wkh qxoo k|srwkhvlv ri jurzwk frqyhujhqfh/ 
a 2| $ 3 dv w $ 4> zkloh xqghu wkh dowhu0
a 2| ryhu wlph duh vkrzq lq Iljv1 :
qdwlyh/ 
a 2| $ g A 3= Judskv ri wkh hpslulfdo hvwlpdwhv ri 
dqg ; iru wkh XV Vwdwhv dqg RHFG gdwd1 Dq dssur{lpdwh <8( frqghqfh edqg iru wkh sdwk lv
vkrzq lq hdfk fdvh dqg lv frpsxwhg e| errwvwudsslqj47 wkh hvwlpdwhg i| = Lq erwk fdvhv wkhuh
47

Wkh ZKS owhuhg gdwd lv s| iurp +73,1 Iru hdfk | wkhuh duh  furvv0vhfwlrqdo xqlwv1 Wkh qrqsdudphwulf
errwvwuds surfhgxuh lv dv iroorzv=
W
41 Gudz  udqgrp vdpsohv zlwk uhsodfhphqw iurp s| c jlylqj errwvwuds gdwd s|

51 Frqvwuxfw wkh errwvwuds vdpsoh W| dqg fdofxodwh wkh errwvwuds vdpsoh yduldqfh j W| 2 
61 Uhshdw wkh deryh vwhsv 8/333 wlphv dqg frqvwuxfw xsshu dqg orzhu 518( frqghqfh lqwhuydov iurp wkh
uhvxowlqj errwvwuds glvwulexwlrq ri jW| 2 
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Iljxuh 9= Wlph Suroh ri Wudqvlwlrq Sdudphwhu Hvwlpdwhv= 54 RHFG Frxqwulhv1
lv hylghqfh ri vwhdg| ghfolqh lq 
a 2| ryhu wlph/ dv zrxog eh h{shfwhg xqghu frqyhujhqfh1 Wkh
frqghqfh edqgv gr qrw lqfoxgh wkh ruljlq dqg wklv lv wkh uhvxow ri wkh errwvwuds frqvwuxfwlrq/
zklfk xvhv dq hpslulfdo glvwulexwlrq ri vdpsoh yduldqfhv/ doo ri zklfk kdyh srvlwlyh ydoxhv1

915

Ghdolqj zlwk Wlph Khwhurjhqhlw|

a | frpsxwhg dv deryh xvlqj wkh
Ilj1 < vkrzv wkh pd{lpxp/ phgldq dqg plqlpxp hvwlpdwhv k
ZKS owhu iru 453 frxqwulhv lq wkh SZW Sdqho48 1 Frxqwu| fkrlfh lv edvhg rq gdwd dydlodelolw|1
Hylghqwo| wkh sdwwhuq lq Ilj1 < lv lqglfdwlyh ri odfn ri frqyhujhqfh ryhu wkh wlph iudph ri wkh
gdwd +4<93 wr 4<;<,1 Exw wklv suroh grhv qrw qhfhvvdulo| lpso| wkdw wkh 453 frxqwulhv duh
glyhujlqj1 Dv vkrzhg hduolhu/ zkhq wkhuh lv furvv0vhfwlrqdo dqg wlph vhulhv khwhurjhqhlw| ri {
+dqg   ,/ gxulqj wudqvlwlrq zh fdq h{shfw vrph ghjuhh ri glyhujhqw ehkdylru1 Khqfh/ Ilj1 <
grhv qrw ri lwvhoi surylgh xqhtxlyrfdo hylghqfh ri glyhujhqfh1
Rxu dssurdfk wr dvvhvvlqj wkh hpslulfdo hylghqfh iru glyhujhqfh lv wr frpsduh wkh revhuyhg
a | wr wkh dv|pswrwlf surshuwlhv nqrzq wr krog
ehkdylru ri wkh wudqvlwlrq sdudphwhu hvwlpdwhv k
a | vkrxog qrw frqyhujh wr wkh
iru k| iurp Vhfwlrq 6161 Xqghu glyhujhqfh/ iurp surshuw| +lll,/ k
vdph ydoxh/ qru vkrxog lwv vdpsolqj yduldelolw| ghfolqh wr }hur1 Lw lv ri sduwlfxodu lqwhuhvw wr
orrn dw wkh ehkdylru ri wkhvh wudqvlwlrq hvwlpdwhv lq fhuwdlq vxesdqhov zkhuh zh pd| h{shfw
wr qg pruh hylghqfh ri frqyhujhqfh1 Wkh iroorzlqj fkdudfwhul}dwlrq ri wkh vxejurxslqjv lv
xvhixo1
Wdnh d vxejurxs iru zklfk lqlwldo lqfrph ohyhov duh vlplodu1 Li lqlwldo lqfrph lv lqghshqghqw
ri   dqg { > wkhq wkh vshhg ri jurzwk frqyhujhqfh zlwklq wkh vxejurxs zloo ghshqg wrwdoo| rq
48

Zh dovr xvhg sdqho gdwd iurp 4<93 wr 5333 iru <: frxqwulhv iurp wkh Zruog Edqn Ghyhorsphqw Lqglfdwru
+ZEGL,1 Wkh hpslulfdo uhvxowv glvfxvvhg lq wkh uhpdlqghu ri wklv Vhfwlrq duh jhqhudoo| vwurqjhu zlwk wkh ZEGL
gdwd1 Wkh uhvxowv duh dydlodeoh rq uhtxhvw iurp wkh dxwkruv1
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Variance x 10

3
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Actual

2

CI 2.5%
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0
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Iljxuh := Wlph Sdwk ri 
a 2| zlwk Errwvwuds Frqghqfh Lqwhuydo iru wkh 7; XV Vwdwhv Sdqho1

5

CI 97.5%
Actual
CI 2.5%

Variance x 1000

4
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Iljxuh ;= Wlph Sdwk ri 
a 2| zlwk Errwvwuds Frqghqfh Lqwhuydo iru wkh 54 frxqwu| RHFG Sdqho

59

5 Most Volatile

Min

Most Stable

Max

Transition Parameters

1.3
1.2
1.1
1
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0.7
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Year

Iljxuh <= Wudqvlwlrq Sdudphwhuv lq SZW1 +Iurp 4<93 wr 4<;< ryhu 453 Frxqwulhv,
  dqg { = Surylghg   9@   > orj shu fdslwd uhdo lqfrphv lq wklv vxejurxs vkrxog glyhujh ryhu
wlph1 Khqfh/ zkhq sdqho foxvwhulqj lv edvhg rq lqlwldo lqfrph/ wkh iroorzlqj ehkdylru pljkw
eh h{shfwhg1 Lq ylhz ri +66,/ hyhq wkrxjk orj || glyhujhv ryhu wlph/ wkh wudqvlwlrq sdudphwhu
k| lv xowlpdwho| frqvwdqw1 Dffruglqjo|/ iru d vxesdqho lq zklfk lqlwldo lqfrphv duh vlplodu/ wkh
wudqvlwlrq sdudphwhuv vkrxog vwdelol}h ryhu wlph uhjdugohvv wkh ohyho ri lqlwldo lqfrph1 Exw zkhq
  9@   dqg wkhuh lv jurzwk glyhujhqfh/ wkhuh zloo eh dovr eh khwhurjhqhlw| lq wkh frqvwdqw
ohyhov wr zklfk wkh wudqvlwlrq sdudphwhuv vwdelol}h dqg wklv zloo eh uh hfwhg lq wkh furvv vhfwlrq
yduldqfh hvwlpdwhv1
Vxejurxs dqdo|vlv edvhg rq dq rughulqj ri qdo shulrg lqfrph lv dovr khosixo wr ghwhfw
khwhurjhqhlw| lq   dqg { = Wkh iroorzlqjv rxwfrph pljkw eh h{shfwhg zkhq wkh sdqho foxvwhulqj
lv edvhg rq qdo shulrg lqfrph1 Dprqj frxqwulhv iru zklfk qdo shulrg lqfrphv duh vlploduo|
kljk/ wkh wudqvlwlrq sdudphwhu vkrxog frqyhujh ryhu wlph uhodwlyho| idvwhu dffruglqj dv lqlwldo
shulrg lqfrph lv pruh khwhurjhqrxv1
Zh h{dplqh wkh hylghqfh iru wkhvh wkhru|0edvhg fodlpv xvlqj gdwd iru 453 frxqwulhv iurp
wkh SZW +yhuvlrq 819, zklfk fryhuv wkh shulrg iurp 4<93 wr 4<;<1 Zh vsolw wkh 453 frxqwulhv
lqwr yh jurxsv1 Hdfk jurxs frqwdlqv 57 frxqwulhv edvhg rq d vhtxhqwldo lqfrph rughulqj1
Wkdw lv/ wkh uvw 57 srruhvw frxqwulhv +fodvvlhg khuh dffruglqj wr erwk lqlwldo shulrg dqg qdo
shulrg lqfrph rughulqjv, ehfrph wkh phpehuv ri wkh uvw jurxs/ wkh qh{w 57 srruhvw frxqwulhv
irup wkh qh{w jurxs/ dqg vr rq1 Zh dovr frqvlghuhg wkh dg krf lqfrph rughulqj iroorzhg e|
Gxuodxi dqg Txdk +4<<<, dqg irxqg wkdw wkh sduwlfxodu vhohfwlrq uxoh iru wkh vxejurxslqj glg
qrw dowhu wkh uhvxowv lq dq| pdmru zd|1 Zh uhsruw khuh rqo| wkh uhvxowv edvhg rq vhtxhqwldo
lqfrph rughulqj49 1
Iljv1 43 dqg 44 glvsod| vrph vxssruwlyh hylghqfh iru jurzwk frqyhujhqfh dprqj wkh 453
49

Wkh dg krf lqfrph rughulqj uhvxowv fdq eh rewdlqhg iurp wkh dxwkruv rq uhtxhvw1
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Iljxuh 43= Yduldqfh Udwlr edvhg rq Lqlwldo Shulrg Lqfrph Rughulqj= +Yduldqfh Udwlr @

a 2c| @a
2c ,

1
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Iljxuh 44= Yduldqfh Udwlr edvhg Ilqdo Shulrg Lqfrph Rughulqj +Yduldqfh Udwlr @ 
a 2c| @a
2c ,1

5;

frxqwulhv edvhg rq wkh deryh fulwhuld1 Ilj1 43 vkrzv wkh udwlr ri wkh yduldqfh ri wkh odwhvw shulrg
a | wr wkdw ri wkh uvw ydoxh k
a  zkhq wkh gdwd duh foxvwhuhg dffruglqj wr
wudqvlwlrq sdudphwhu k
lqlwldo lqfrph1 Li wkh wudqvlwlrq sdudphwhuv frqyhujh +glyhujh, ryhu wlph/ wkhq wkh yduldqfh udwlr
vkrxog ghfuhdvh +lqfuhdvh, ryhu wlph1 Dv qhrfodvvlfdo wkhru| vxjjhvwv xqghu furvv0vhfwlrqdo dqg
wlph vhulhv khwhurjhqhlw|/ zkhq lqlwldo lqfrphv duh vlploduo| kljk/ wkh wudqvlwlrq sdudphwhuv gr
qrw frqyhujh ru glyhujh1 Exw/ rq wkh frqwudu|/ zkhq lqlwldo lqfrphv duh vlplodu dqg prghudwho|
a | vhhp wr glyhujh udslgo| 0 dv vhhq lq Ilj1 431 Wkh hfrqrplf lpsolfdwlrq ri Ilj1
orz/ wkh k
43 lv vlpso| wkdw hduo| glyhujhqfh ri wkh wudqvlwlrq sdudphwhuv fdq rffxu lq vlwxdwlrqv zkhuh
wkhuh pd| dovr eh xowlpdwh jurzwk frqyhujhqfh1
Vlploduo|/ Ilj1 44 vkrzv wkh udwlr ri wkh yduldqfh ri wkh odwhvw shulrg wudqvlwlrq sdudphwhu
a  zkhq wkh gdwd duh foxvwhuhg dffruglqj wr qdo shulrg lqfrph1
a | wr wkdw ri wkh uvw ydoxh k
k
Lq doo fdvhv/ lw dsshduv wkdw wkh yduldqfh udwlr ghfolqhv/ dqg wkh udwh ri ghfd| vhhpv wr eh
juhdwhvw iru foxvwhuv zlwk wkh kljkhvw lqfrph1
Gr wkhvh uhvxowv surylgh frqupdwru| hylghqfh ri jurzwk frqyhujhqfh lq wkh SZW dfurvv vr
pdq| qdwlrqvB Xqiruwxqdwho|/ wkh hylghqfh lv qrw shuvxdvlyh hqrxjk wr vxssruw vxfk dv vwurqj
frqfoxvlrq1 Lw wxuqv rxw wkdw vlplodu ehkdylru fdq rewdlq xqghu frqglwlrqdo frqyhujhqfh/ dv zh
surfhhg wr vkrz lq wkh qh{w vhfwlrq1

916

Frqglwlrqdo qFrqyhujhqfh

Vxssrvh wkdw wkhuh lv qr furvv0vhfwlrqdo khwhurjhqhlw| lq   ru wlph vhulhv khwhurjhqhlw| ri { =
Wkhq wkh wudqvlwlrq g|qdplfv ri jurzwk frqyhujhqfh vkrxog uho| rqo| rq lqlwldo lqfrphv1 Vxs0
srvh/ lq dgglwlrq/ wkdw zh vxffhvvixoo| slfnhg yh frqglwlrqdo frqyhujhqfh jurxsv1 Wkh txhvwlrq
wkhq lv zkhwkhu jxuhv 43 dqg 44 frxog eh jhqhudwhg xqghu frqglwlrqdo  frqyhujhqfh1
Xvh wkh qrwdwlrq lq vhfwlrq 5 dqg dvvxph wkhuh duh wzr glhuhqw vwhdg| vwdwhv lqyroylqj
wzr jurxsv ri frxqwulhv/ J dqg J2 = Wkh qxpehu ri frxqwulhv lq J dqg J2 duh Q dqg Q2 >
uhvshfwlyho|/ zlwk Q @ Q . Q2 1 Revhuyh wkdw
orj | +w, @ orj |rW . ^orj | +3,  orj |rW ` h3q| . orj Dr +3, . {r w> iru l 5 Jr dqg v @ 4> 5=
olp e| @ er iru l 5 Jr dqg v @ 4> 5>

|

+76,
+77,

<"

dqg
+
olp k| @

<"

|

f @ e @ +ne . +4  n,e2 , li l 5 J
f2 @ e2 @ +ne . +4  n,e2 , li l 5 J2

iru n @ Q @Q

Vxssrvh wkdw zh wdnh wkh wzr jurxsv wrjhwkhu dqg hvwlpdwh wkh wudqvlwlrq sdudphwhuv1
Gxulqj wudqvlwlrq/ wkh wudqvlwlrq sdudphwhuv lq J dssurdfk f zkloh wkrvh lq J2 dssurdfk f2 =
Iljxuh 45 vkrzv 9 k|srwkhwlfdo hfrqrplhv zlwk wzr frqglwlrqdo frqyhujhqfh jurxsv1 Wkh shu
fdslwd uhdo lqfrph lq hfrqrplhv 4/ 5 dqg 6 frqyhujh wr hdfk rwkhu exw glyhujh iurp wkrvh lq
hfrqrplhv 7/ 8 dqg 91 Li frqyhujhqfh krogv lq wkh wzr jurxsv/ qdo shulrg lqfrph rughulqj
uhvxowv lq frqyhujhqfh dprqj hfrqrplhv i4> 5> 6j/ ru i7> 8> 9j1 Frqglwlrqdo  frqyhujhqfh
5<

2
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1

Transition Parameter

1.6
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0.6
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6

0
Time

Iljxuh 45= Frqglwlrqdo 0Frqyhujhqfh
wkhq h{sodlqv krz wkh wudqvlwlrq sdudphwhuv fdq frqyhujh ryhu wlph idvwhu zkhq lqlwldo shulrg
lqfrph lv pruh khwhurjhqrxv1
E| frqwudvw/ lqlwldo lqfrph rughulqj |lhogv glyhujhqfh ehwzhhq hfrqrplhv 4 dqg 7/ 5 dqg 8/
ru 6 dqg 91 Dovr/ vrph frxqwulhv +h1j1 6 dqg 9, zlwk vlploduo| orz lqlwldo lqfrphv glyhujh/ dv gr
vrph frxqwulhv +h1j1/ 4 dqg 7, zlwk vlploduo| kljk lqlwldo lqfrphv1 Wkh sdwkv ri wkh wudqvlwlrq
sdudphwhuv iru wkhvh frxqwulhv zloo qrw frqyhujh/ uh hfwlqj wkdw glyhujhqfh1
Wkhuhiruh/ devroxwh frqyhujhqfh zlwk furvv0vhfwlrqdo dqg wlph vhulhv khwhurjhqhlw| ru frq0
glwlrqdo  frqyhujhqfh +srvvleo| zlwk lqlwldo lqfrph yduldqfh glhuhqwldov dfurvv jurxsv, fdq
erwk jhqhudwh wkh revhuyhg glyhujhqfh dprqj wkhvh 9 hfrqrplhv lq wudqvlwlrq1
Wkh h{dpsoh looxvwudwhv krz hoxvlyh wkh vkdgrz ri jurzwk frqyhujhqfh fdq eh1 Lq hhfw/
wkh wudqvlwlrqdo wlph sdwkv wkdw dulvh xqghu devroxwh frqyhujhqfh zkhuh wkhuh lv furvv0vhfwlrqdo
dqg wlph vhulhv khwhurjhqhlw| fdq kdyh revhuydwlrqdo vlplodulwlhv wr wkrvh wkdw krog xqghu
frqglwlrqdo  frqyhujhqfh1 \hw wkhuh lv d kxjh glhuhqfh ehwzhhq wkh orqj whup hfrqrplf
lpsolfdwlrqv ri devroxwh frqyhujhqfh dqg frqglwlrqdo frqyhujhqfh1 Iru/ li frqglwlrqdo  frq0
yhujhqfh krogv/ vrph srru frxqwulhv zloo uhpdlq srru dqg pd| qhyhu fdwfk xs zlwk wkh ulfk
frxqwulhv ru wkh Dvldq Gudjrqv1 Zkhuhdv xqghu devroxwh frqyhujhqfh/ doo srru frxqwulhv zloo
hyhqwxdoo| fdwfk xs1
Wkh qdo txhvwlrq ehduv gluhfwo| rq wklv lvvxh1 Fdq zh glvwlqjxlvk hpslulfdoo| ehwzhhq
wkhvh wzr k|srwkhvhv derxw frqyhujhqfh1 Lq sduwlfxodu/ lv lw srvvleoh wr glvwlqjxlvk zkhwkhu
wkh 453 frxqwulhv lq wkh SZW duh rq jurzwk wudmhfwrulhv frqvlvwhqw zlwk devroxwh frqyhujhqfh
ru frqglwlrqdo  frqyhujhqfhB Zlwk rqo| 63 wlph vhulhv revhuydwlrqv rq wkhvh hfrqrplhv/ wkh
63

wdvn ri pdnlqj wklv hpslulfdo glvwlqfwlrq vhhpv doprvw lpsrvvleo| hoxvlyh1 Qrqhwkhohvv/ lw lv
srvvleoh wr fkdudfwhul}h vrph uhohydqw fkdqjhv wkdw kdyh ehhq wdnlqj sodfh ryhu wklv 63 |hdu
shulrg wkdw gr ehdu rq wklv lvvxh1
Vxssrvh zh vruw wkh frxqwulhv lqwr jurxsv dffruglqj wr shu fdslwd uhdo lqfrph dw dq lq0
whuphgldwh +plggoh, wlph revhuydwlrq/ vd| w = Wudqvlwlrq sdudphwhuv lq hdfk jurxs vkrxog
frqyhujh li frxqwulhv duh hq urxwh wr frqyhujhqfh1 Li frqglwlrqdo  frqyhujhqfh krogv lq wkh
jurxs/ wkhq wkh wudqvlwlrq sdudphwhuv vkrxog frqyhujh ixuwkhu diwhu w = Li devroxwh frqyhujhqfh
krogv ehfdxvh wkhuh lv furvv0vhfwlrqdo dqg wlph vhulhv khwhurjhqhlw| wkdw dffrpsolvkhv wklv diwhu
w / wkhq wkh wudqvlwlrq sdudphwhuv vkrxog fruuhvsrqglqjo| uhyhdo wklv khwhurjhqhrxv ehkdylru
diwhu w =
Zh vhohfw wkh plggoh |hdu/ w @ 4<:7> lq rxu sdqho gdwd vhw dqg vruw wkh frxqwulhv df0
fruglqjo|1 Ilj1 46 vkrzv wkh uhvxowv ri wklv h{huflvh jlylqj wkh udwlr ri wkh yduldqfh ri wkh
a | wr wkdw ri wkh uvw ydoxh k
a  zkhq wkh gdwd duh foxvwhuhg
odwhvw shulrg wudqvlwlrq sdudphwhu k
dffruglqj wr plggoh |hdu lqfrph1 Iru doo jurxsv/ frqglwlrqdo  frqyhujhqfh grhv qrw vhhp
wr krog ehfdxvh wkh yduldqfh udwlrv ri wkh wudqvlwlrq sdudphwhuv hylghqwo| vwduwv wr glyhujh
iroorzlqj 4<:8 iru wkhvh sduwlfxodu jurxsv1
Wkhuh lv/ ri frxuvh/ wkh srvvlelolw| wkdw frqglwlrqdo  frqyhujhqfh krogv iru rqo| n( ri
wkh frxqwulhv lq d jurxs1 Lq wkdw fdvh/ wkh glyhujhqfh revhuyhg lq Ilj1 45 pd| dulvh iurp
wkh ehkdylru ri wkh uhpdlqlqj +4  n,( ri wkh frxqwulhv lq wkh jurxs1 Zh h{dplqhg wklv
srvvlelolw| e| vhohfwlqj vxejurxsv lq d phfkdqlfdo zd| e| dgglqj dqg vxewudfwlqj frxqwulhv
iurp hdfk jurxs dffruglqj wr wkhlu lqlwldo lqfrph ohyhov4: 1 Wklv surfhvv vkrzhg olwwoh hylghqfh
iru frqglwlrqdo frqyhujhqfh zlwklq wkh jlyhq frxqwu| jurxslqjv1

:

Frqfoxvlrq

Wkh sdshu vhhnv wr dgrsw dq djqrvwlf srvlwlrq rq wkh lvvxh ri jurzwk frqyhujhqfh dqg wr ohw
wkh gdwd vshdn rq wkh lvvxh lq d pdqqhu wkdw lv qrw ryhuo| uhvwulfwlyh1 Lq sduwlfxodu/ zh doorz
iru wkh suhvhqfh ri khwhurjhqhlw| dfurvv frxqwulhv dqg uhjlrqv dv zhoo dv ryhu wlph zkhq zh
vwxg| sdwwhuqv ri jurzwk wr lqyhvwljdwh frqyhujhqfh ru glyhujhqfh1 E| grlqj vr/ zh fdwfk dq
4:

Ghwdlov ri wkh phwkrg xvhg duh dv iroorzv1 Zh fkrvh wkh uvw g frxqwulhv lq d jurxs edvhg rq wkhlu lqfrph
ohyho dw |  Li wkhuh zhuh d jurxs ri frxqwulhv iru zklfk frqglwlrqdo q3frqyhujhqfh khog/ wkhq wkh yduldqfh
udwlr ri j 2bHb *j 2b.e +ru j 2A *j 2AP  vkrxog eh ohvv wkdq xqlw|/ ru dw prvw qhdu xqlw|1 Ohw wkh fulwlfdo ydoxh iru wkh
yduldqfh udwlr eh cTS *1 Li wkh yduldqfh udwlr lv ohvv wkdq TS / wkhq zh gurs wkh uvw orz lqfrph frxqwu| dqg dgg
wkh qh{w kljkhu lqfrph frxqwu| lq 4<:8 wr pdlqwdlq g Zh uhshdw wklv uhfxuvlrq xqwlo wkhuh lv qr uhpdlqlqj
frxqwu| xqfrqvlghuhg1 Iru jlyhq gc wkh wrwdo qxpehu ri fdvhv lv A 3 g n  Zh vhw TS ' c wkh plqlpxp g wr
eh 43/ dqg wkh pd{lpxp g wr eh 731 Zlwk wklv vhohfwlrq surfhvv/ zh zhuh qrw deoh wr qg dq| fdvh zkhuh wkh
yduldqfh udwlr zdv ohvv wkdq TS rxw ri 5<78 fdvhv1 Lqfuhdvlqj TS xs wr 415 vwloo glg qrw |lhog dq| fdvh1
Zh vhw | ' b.b dqg uhshdwhg wklv zkroh h{huflvh1 Li wkh glvwulexwlrq ri lqlwldo lqfrph lq d sduwlfxodu
frqglwlrqdo q3frqyhujhqfh jurxs lv zlgh/ wkhq vhohfwlqj d odujhu | vkrxog khos wr lghqwli| wkh frqyhujhqfh
jurxs1 Lq wklv fdvh/ zh irxqg rqh vxejurxs zlwk TS '  dqg g '  zkloh dqrwkhu vxejurxs zlwk TS ' 2
dqg g ' 1
Ryhudoo wkhvh h{huflvhv lqglfdwh wkdw wkhuh lv olwwoh hylghqfh iru frqglwlrqdo q3frqyhujhqfh zlwklq wkh jlyhq
frxqwu| jurxslqjv1
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Iljxuh 46= Vruwhg e| wkh plggoh revhuydwlrq1 w @ 4<:8
hpslulfdo jolpphu ri devroxwh jurzwk frqyhujhqfh dprqj wkh 453 qdwlrqv ri wkh Shqq Wdeohv1
Dvvxplqj wkdw jurzwk udwhv ri whfkqrorjlfdo surjuhvv frqyhujh wr d frqvwdqw lq wkh orqj uxq/ zh
fdq jhqhudwh wkh furvv0vhfwlrqdo glyhujhqfh wkdw lv suhvhqw lq wkh gdwd1 Wr gr vr lv lpsruwdqw
ehfdxvh zkhq wkh jurzwk udwh ri whfkqrorjlfdo surjuhvv lq d srru frxqwu| lv orzhu wkdq lw lv lq d
ulfk frxqwu|/ whpsrudu| glyhujhqfh lq wkh wudqvlwlrqdo jurzwk sdwkv fdq rffxu1 Uhfrqflolqj wklv
glyhujhqfh lq wudqvlwlrqdo sdwkv zlwklq dq ryhudoo sdwwhuq ri jurzwk frqyhujhqfh lv d fkdoohqjh
wkdw vwuhwfkhv h{lvwlqj sdqho gdwd wr lwv olplwv dqg h{sodlqv rxu fkdudfwhul}dwlrq ri frqyhujhqfh
dv dq hoxvlyh vkdgrz1
Wkhvh qglqjv fruurerudwh vrph ri wkh dujxphqwv pdgh lq Oxfdv +5335,/ zkhuh lw lv vxj0
jhvwhg wkdw wkh zruog hfrqrp| glyhujhv gxulqj wudqvlwlrq dqg wkhq vwduwv wr frqyhujh1 Oxfdv*v
frqmhfwxuh lv edvhg rq khwhurjhqhlw| lq wkh vshhg ri kxpdq fdslwdo dffxpxodwlrq1 Zkloh lw lv
qrw d vhtxhqwldo jurzwk sdwk exw lqvwhdg uhsuhvhqwv wkh dyhudjh jurzwk ri foxvwhuv ri frxqwulhv
zlwk zlgho| glhuhqw lqfrphv/ rxu Ilj1 4 lv vlplodu lq vkdsh wr wkh 4/833 |hdu jurzwk sdwk
sorwwhg e| Oxfdv +5335,1 Lq wkh hduo| vwdjhv ri dq hfrqrp|*v jurzwk/ wkh fxpxodwlyh kxpdq
fdslwdo vwrfn lv orz dqg jurzwk lv vorz1 Dv dq hfrqrp| ohduqv/ lpsruwv ru fuhdwhv whfkqrorj|/
wkh hfrqrp| jurzv idvwhu1 Wkhvh vwdjhv ri jurzwk duh uh hfwhg lq Oxfdv*v jurzwk sdwk dqg lq
Ilj1 41
Rqh lpsolfdwlrq ri wkh dqdo|vlv lq wklv sdshu lv wkdw whfkqrorjlfdo surjuhvv dqg lwv gh0
shqghqfh rq wlph fdq sod| dq lpsruwdqw uroh lq jurzwk frqyhujhqfh/ dhfwlqj wkh vshhg ri
frqyhujhqfh dv zhoo dv wkh qdo vwhdg| vwdwh1 Krzhyhu/ wkh jurzwk udwh ri whfkqrorjlfdo surjuhvv
dqg lwv wlph sdwk duh dvvxphg wr eh h{rjhqrxv dqg xqnqrzq1 Lq frqvhtxhqfh/ olnh pdq| rwkhu
vwxglhv ri hfrqrplf jurzwk dqg frqyhujhqfh/ wklv sdshu idlov wr fdvw oljkw rq wkh jurzwk sdwk
ri whfkqrorjlfdo surjuhvv/ zklfk frqwlqxhv wr eh lq odujh sduw p|vwhulrxv1 Lq wkh devhqfh ri
oljkw rq wklv sdwk/ rxu xqghuvwdqglqj ri hfrqrplf jurzwk dqg frqyhujhqfh lv lqhylwdeo| yhu|
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olplwhg1 Dv vxfk/ wkh eodfn kdw ri frqyhujhqfh dqg wkh frdw ri glyhujhqfh uhpdlq vrphzkdw
hoxvlyh hpslulfdo vkdgrzv1
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Uhihuhqfhv
^4` Dqguhzv/ G1 Z1 N1 +4<<6,/ H{dfwo| Phgldq0Xqeldvhg Hvwlpdwlrq ri Iluvw Rughu Dxwruh0
juhvvlyh2Xqlw Urrw Prghov1 Hfrqrphwulfd/ 94/ 46<04981
^5` Eduur/ U1M1/ dqg Vdod0l0Pduwlq +4<<5,/ Frqyhujhqfh/ Mrxuqdo ri Srolwlfdo Hfrqrp| 433
+5,= 55605841
^6` Eduur/ U1M1/ dqg Vdod0l0Pduwlq +4<<8,/ Hfrqrplf Jurzwk1 Qhz \run= PfJudz0Kloo1
^7` Ehuqdug/ D1E/ dqg V1Q1 Gxuodxi +4<<8,/ Frqyhujhqfh lq Lqwhuqdwlrqdo Rxwsxw/ Mrxuqdo
ri Dssolhg Hfrqrphwulfv 43+5,= <:043;1
^8` Ehuqdug/ D1E/ dqg V1Q1 Gxuodxi +4<<9,/ Lqwhusuhwlqj Whvwv ri wkh Frqyhujhqfh K|srwk0
hvlv/ Mrxuqdo ri Hfrqrphwulfv/ :4+405,= 49404:71
^9` GhOrqj/ M1E +4<;;,/ Surgxfwlylw| Jurzwk/ Frqyhujhqfh/ dqg Zhoiduh= D Frpphqw/
Dphulfdq Hfrqrplf Uhylhz :;+8,=446;0881
^:` Ghq Kddq/ Z1M1 +4<<8,/ Frqyhujhqfh lq Vwrfkdvwlf Jurzwk Prghov= wkh Lpsruwdqfh ri
Xqghuvwdqglqj Zk| Lqfrph Ohyhov Glhu/ Mrxuqdo ri Prqhwdu| Hfrqrplfv 68+4,= 980;51
^;` Gxuodxi/ V1Q1 dqg G1W1 Txdk +4<<<,/ Wkh Qhz Hpslulfv ri Hfrqrplf Jurzwk/ Fk1 7 lq
Kdqgerrn ri Pdfurhfrqrplfv 4D/ +Hovhylhu,
^<` Hydqv/ S +4<<;,/ Xvlqj Sdqho Gdwd wr Hydoxdwh Jurzwk Wkhrulhv/ Lqwhuqdwlrqdo Hfr0
qrplf Uhylhz 6<+5,= 5<806391
^43` Hydqv/ S1 dqg J1 Nduudv +4<<9,/ Frqyhujhqfh Uhylvlwhg/ Mrxuqdo ri Prqhwdu| Hfr0
qrplfv/ 6:/ 57<05981
^44` Krgulfn/ U1 dqg H1 Suhvfrww +4<<:,1 Srvw zdu exvlqhvv f|fohv= Dq hpslulfdo lqyhvwljdwlrq%1
Mrxuqdo ri Prqh| Fuhglw dqg Edqnlqj/ 5</ 40491
^45` Krzlww/ S1 dqg G1 Pd|hu0Irxonhv +5335,/ U)G/ Lpsohphqwdwlrq dqg Vwdjqdwlrq= D
Vfkxpshwhuldq Wkhru| ri Frqyhujhqfh Foxev/ plphr/ Eurzq Xqlyhuvlw|1
^46` Nlwdjdzd/ J1 dqg Z1 Jhuvfk +4<<9,1 Vprrwkqhvv Sulruv Dqdo|vlv ri Wlph Vhulhv1 Qhz
\run= Vsulqjhu Yhuodj
^47` Ohh/ N1/ P1K1 Shvdudq dqg U1S1 Vplwk +4<<:,/ Jurzwk dqg Frqyhujhqfh lq d Pxowl0
Frxqwu| Hpslulfdo Vwrfkdvwlf Vrorz Prgho/ Mrxuqdo ri Dssolhg Hfrqrphwulfv 45+7,= 4740
4961
^48` Oxfdv/ U1H1 Mu1 +5335, Wkh Lqgxvwuldo Uhyroxwlrq= Sdvw dqg Ixwxuh/ lq Oxfdv/ U1 H1 Mu
Ohfwxuhv rq Hfrqrplf Jurzwk= Fdpeulgjh/ Pdvvdfkxvhwwv= Kduydug Xqlyhuvlw| Suhvv1
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^49` Pdqnlz/ Q1J1/ G1 Urphu/ dqg G1Q1 Zhlo +4<<5,/ D Frqwulexwlrq wr wkh Hpslulfv ri
Hfrqrplf Jurzwk/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 43:/ 73:076;1
^4:` Prrq/ K1 U dqg E1 Shuurq +5335,1 Whvwlqj iru d Xqlw Urrw lq Sdqhov zlwk G|qdplf
Idfwruv/ XVF/ plphrjudskhg1
^4;` Qhuoryh/ P1 Jurzwk udwh frqyhujhqfh/ idfw ru duwlidfwB Dq hvvd| rq sdqho gdwd hfrqr0
phwulfv/ lq M1 Nulvkqdnxpdu dqg H1 Urqfkhwwl +hgv1, Sdqho Gdwd Hfrqrphwulfv1 Sdshuv
lq Krqrxu ri Surihvvru Slhwur Edohvwud1 Dpvwhugdp= Qruwk Kroodqg1
^4<` Skloolsv/ S1F1E1 dqg K1U1 Prrq +4<<<, = Olqhdu Uhjuhvvlrq Olplw Wkhru| iru Qrqvwdwlrq0
du| Sdqho Gdwd/ Hfrqrphwulfd/ 9:/ 438:44441
^53` Skloolsv/ S1F1E1 dqg G1 Vxo/ +5335, G|qdplf Sdqho Hvwlpdwlrq dqg Krprjhqhlw| Whvwlqj
Xqghu Furvv Vhfwlrq Ghshqghqfh/ Frzohv Irxqgdwlrq Glvfxvvlrq Sdshu Qr1 4695/ \doh
Xqlyhuvlw|1
^54` Skloolsv/ S1 F1 E1 dqg V1 Mlq/ +5335,1 Olplw Ehkdylru ri wkh Zklwwdnhu +KS, Ilowhu1 \doh
Xqlyhuvlw|/ plphrjudskhg1
^55` Txdk/ G1 +4<<6,/ Jdowrq*v Idoodf| dqg Whvwv ri wkh Frqyhujhqfh K|srwkhvlv/ Vfdqglqd0
yldq Mrxuqdo ri Hfrqrplfv <8/ 75:07761
^56` Txdk/ G1 +4<<9,/ Hpslulfv iru Hfrqrplf Jurzwk dqg Frqyhujhqfh/ Hxurshdq Hfrqrplf
Uhylhz 73/ 46860:8
^57` Udssrsruw/ M1 +5333,/ Lv wkh Vshhg ri Frqyhujhqfh FrqvwdqwB IUE ri Ndqvdv/ Zrunlqj
Sdshu UZS 330431
^58` Vxq/ \1 +5334,/ Fdwfklqj xs/ Irujlqj dkhdg/ dqg Idoolqj Ehklqg= D Sdqho Vwuxfwxuh
Dqdo|vlv ri Frqyhujhqfh Foxev1 \doh plphrjudskhg1
^59` Zklwwdnhu/ H1 W1 +4<56,1 Rq d qhz phwkrg ri judgxdwlrq1 Surfhhglqjv ri wkh Hglqexujk
Pdwkhpdwlfdo Dvvrfldwlrq/ :;/ ;40;<1
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Wdeoh D= Zruog Lqfrph Glvwulexwlrq iurp Srru wr Ulfk4; +xqlw= XV',
Rughulqj

Srruhvw
Srru
Plggoh
Ulfk
Ulfkhvw

Srruhvw
Srru
Plggoh
Ulfk
Ulfkhvw

W@4<93
W@4<;<
Lqlwldo Lqfrph Rughulqj zlwk Dfwxdo Gdwd
Plq Phdq Pd{
Plq
Phdq
757
:;;
648
836
9:6
9:6
<::
4/484
683
4/6::
4/4:7 4/6<6 4/9:6
9:9
6/497
4/:96 5/4<6 6/767 4/7:<
8/6;<
6/8<7 9/345 </<<: 7/896 46/398
Odvw Lqfrph Rughulqj zlwk Dfwxdo Gdwd
Plq Phdq Pd{
Plq
Phdq
677
8;9
4/556
683
96:
648
4/349 4/:;;
;:<
4/6:<
753
4/75: 5/::5 5/49<
6/335
8/:5<
;57
5/487 9/98: 6/9;6
4/7;6 8/;63 </<<: ;/8<: 46/89<

Pd{
5/89:
8/:<6
44/3::
47/666
4:/:6<
Pd{
;:<
5/49;
6/9:5
;/55<
4:/:6<

Lqlwldo Lqfrph Rughulqj= Frqghqfh Lqwhuydov iurp Errvwuds
518( 83( <:18( 518(
83(
<:18(
Srruhvw
785
7<3
863
:39
;88
4/384
Srru
;;<
<7:
4/33: 4/3<3
4/6<7
4/::8
Plggoh
4/649 4/6;6 4/788 5/396
5/:86
6/8:8
Ulfk
5/48; 5/683 5/8:6 6/<7<
7/<7:
9/4::
Ulfkhvw
8/747 9/364 9/:67 </<;7 44/993 46/578
Odvw Lqfrph Rughulqj= Frqghqfh Lqwhuydov iurp Errvwuds
518( 83( <:18( 518(
83(
<:18(
8:9
963
9;:
Srruhvw
883
96<
:7<
Srru
:6;
;;9
4/37: 4/585
4/6;4
4/863
Plggoh
4/466 4/694 4/938 5/9;8
5/;9<
6/39;
Ulfk
4/;57 5/534 5/9<4 8/45:
8/9::
9/5;;
Ulfkhvw
7/846 8/7:9 9/759 45/3<9 46/393 47/35:

4;

Dfwxdo gdwd iru Ilj1 4 dqg Ilj1 6 dqg errwvwuds gdwd iru Ilj1 5 edvhg rq 8/333 uhsolfdwlrqv ri wkh revhuyhg
wudmhfwrulhv1
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